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Large deviation principle of stochastically

modified Camassa-Holm equation
RAN Lixia, CHEN Yong
(School of Science, Zhejiang Sci-Tech University, Hangzhou 310018, China)

Abstract: In order to obtain the exponential estimation of the probability of rare events in the
stochastically modified Camassa-Holm equation, the large deviation principle of the equation is studied.
The weak convergence method is used to prove that the solution to the regularized and stochastically
modified Camassa-Holm equation satisfies the large deviation principle; and then the large deviation
principle of the solution to the original equation is obtained by establishing the exponential equivalence
between the distribution of the solution to the regularization equation and the solution to the original
equation. The results show that when the intensity of the random interference in the stochastically
modified Camassa-Holm equation is sufficiently small, the probability of large deviations in rare events is
exponentially small.

Key words: stochastically modified Camassa-Holm equation; regularity; large deviation principle

0
Camassa-Holm Cauchy ,
Jdm + Cum, +2mu)dt +Je W (@) =0,t > 0,20 € S (D
114(0,1) =u,(x)

cm= A*u= (1—9")*u ;ulx,t) t x s U s W)

:2019—12—03 :2020—04—02

(11401532); (LY18A010027)
(1993—, )., s s

,E-mail: chenyong@zstu.edu.cn



374 ( ) 2020 43

;S R ;6 >0, k=2 , m= ANu= (1—09")%u,
Camassa-Holm Camassa-Holm . Constantin "%
H* Camassa-Holm R Camassa-Holm
Cauchy
m, fau,m +bum,=0,t >0, r € R 2
u(x,0) =u,(x)
s ash ,m=A*u=0—3))u,k € Nym,,m, m t x . a=2,
b=1,k =0 1 ., (2) KdV Camassa-Holm .
Camassa-Holm (2) ,Malachlan [ R
Cauchy H' (s >7/2) ;Mu ,
H (R)(s >17/2) ;Fu [ (2) Cauchy , H (R)(s >7/2)
3 -0 ) u, € L*(R), Camassa-Holm
781 Crisan Hamiltonian
_ 1 ‘ N _
H,Gn) :?J (u* Jruf.)derJ m > & (x) dWidx,
R Ri=
Camassa-Holm
N
dm + Gn,u+ 2mu ) de + D) Gn &+ 2meL) dWi =0,
i=1
cm=01—09)u, 2 Clebsch ,
Camassa-Holm
dm + Cum, + 2mu )dt +6 (k) *m dW () =0, >0, € S (3
u(0,x) =u,(x)
. Varadhan"'"- .
Budhiraja M- ; . , [12-14]
o (D s
(D , (D s
(D o
Camassa-Holm . ,
Camassa-Holm ,
Camassa-Holm .
1
(D :
Jdu 4 wu, de + f(u)de 4+ (1 —2°) e dW (1) =0.t > 0,2 € S W
LuC0) =uo ()
s () =03, (1 =9 (u’ + 2u’ *%uf‘, — Su ) s u, (4 3 u.  C0,T];
H*(S))

4) , :
[du+wu, de + fGoOdt 4+ A —02) *e dW, (1) =0, > 0,2 € S
1u(0,1‘)=u07(1‘)

O<7]<1/4,u0,7: wy*2, W, =Q*x3,(Q W s A, Friedrichs , %

(5



3 : Camassa-Holm 375

G .C(0,T];L") —C(0,T];H sou, =G WM, u, () =6 W, () +
lJ.v,7(s)ds), Girsanov su, (o) [0,T] R
e 0
{dul,  w dt + f () de + (1 —92) 7 (odt +ve AW, (1)) =0,¢ > 0,2 € S -
u7,<091‘):u(>7(1‘)
A H' - F - s H v H L2o.T]sHe) <L 92, P-aus.s
T
Su =t{v € LZ([O,T];H");j | ol 4. de <M},
Ay ={v € A:v(w) € Sy .P-a.s.}
H M > Oo e —> 0 uV )
1 G.C(0, T];L*(R)) - C(0, T];H"),
a) e >0 v{ue € Av e >0) 0<<M < oo v € Sus g (W,()+
iﬁvv(s)ds‘) g“(fvm)ds)o ﬁl,:g“(fvvu)ds), @
5 0 0 0
{duv +uu,,dt + fCi)dt + (1 —092) 2udt =0,t >0,2 € S o
HT,(O%T):M()V(I)
b K= o, ()do e € Su) C0.T]:H" M =0 c
0
(6) , (6) o
1 s >17/2, f(uw) Co,T];H
sup | fGo 15 < C Jlul i (8)
te[0.,T
:C .
2 2 2 5 2
fu) =09, (1 —32) *[u*+ 2u’ — e SULUrrr) s
, I , 5 2
| fGo [ =19, (1= [u”+ 2u *?uf‘, —Su,u,.,) |
Hs
< CCw? 5+ Tl [ s + lTal [ es + usw, | ies)
<CCllullt Nallde +lallde lTulf+ lTali [[ali +
Il ) <<C [ull .
2 s>T7/2. u,.u, u, C(0,TT;H"
sup fw, [ <C (9
te[0,T]
lim supelnP( sup ||u, | % >R)=—co (10)
R—>+4co 0<e<<1 te[0.T]
lim supelnPC sup |l u, [| s = Ry 7) =—oo (1)
R—>+oo 0<e<1 1e[0,T]
(6) ANu, N7, xr ot , 1, Holder Young
lw |4 <ca +J I, | 1dr) = y (o).
MMOESHOR y(t)<[_1,
sup H u, H %h < C.
te[0.T]
9 o

o, (1) :JI (1= 7dW, 0 (1) =u, (1) —e ®, (1) @)
0

¢ =—floF+ed, (p+ed®,),) — (1 —30) (gv) (12)



376 ( ) 2020 43

flp +e®,,.(¢p +eP,).) €Y S o
R >0,

r . =inf{e € [0.T]we [ @, () [I>Rwe @, ][5 >R}

1

:T<—r))o
CER) | Po | i

(9 ,

-
le i < gl i +CR[ lglydr
p =2,
.
sup ol << [lgo |l il —I—C’)(R)j sup [l @G | i de (13)
ze[o.l/\rR] ~ 0 :—e[oﬂArR]
Ve | o [l . e oIl i
S 2 < : < - 14
<,e[§.‘%‘XTR] lelit) < (1—C(R) I o |l ;;fiT) T1=CWR) g 5T (b
H ®o H :;Ix
S 1 < S 1 S 1 < . R 15
(leros,%)rrg) b= </er:.'%1IA)TR1) [Pt (leroS,l%FA)rR’) /P = 1—CR) [[goll 4T * (1)
[15],
P(rR <T) ek (16)
Rv q :1/59 (15)
E oo el I oo Il 2
InP( s ClE > R) <el o <1 Po L — In(R
eln (ﬂ;gg% lu 5 > R) <eln . <n(;—rp o “He) n(R)
17
: E o R -+ oo,
(16)—17)
lim supelnP( sup | u, | 4. >R) =—oo,
R—>+co 0<Ze<C1 t€[0.7]
9 ., (10) o
1 {8 (W)} 1, L*(Q;C([0,T];H)) {u,:e >0}
1. oy, _
I(h) :?mf{ H U, H L2([0,T]:Hs) h=u,,v € LZ([O»T];H’\)} (18)
infff =co,
[11] , 1 , 1 .
1 b) ° SM . Ve e SM . ke e
Swus u,, C(0,T];H) U, . W=Uy, — Uy +& = U, T Uy, »
dwo 2%91.(wg)dt + LG — fG)]de + (1 =97 (v, —v)dt s
ANwhA*
. 1 t t t
| w || %, :?J (Aw, A (wg))df+J (Nw, N[ fu,) — flu,, )])df+J (AMw, A (v, —v))dr.
0 0 0
JHolder

%J (Ao A (wg ) de +J’ (Aw AL G — @)D de +J' (Aws A (o, — o)) dr <
0 0 0

re
Cjo gl 2 CRAemIq QU 7, Cqronf O 1z N, A Qs 1 ghts jleaRrvedz,, [ItR A



3 : Camassa-Holm 377

o, —o | ;\,zjdfgcj |l ;,\dfﬂ |0, — o || 22 de (19)
0 0
(19)
, T . t .
sup w5 <€ sup w lindet | o=l de
tel0,T] 0 telo,T] 0
Gronwall’s ,
sup |l w || 5 < e”J | v. —v | e de (20)
te[0.T] 0
C{0,T];H e >0 U, > U,
1a . 1a, {v.) CAv v, vE Sy
1 e .
e —>0 .GE(WO(-)-Q—fJ v, (s)ds) Go(j v, (s)ds), Sw  Polish ,
5 0 0
Skorohod : (V. 5. W, . W), V.. W) (5. W) (v, »
W) (0, W) : . Sw w—w. Wo, W, ous ®
%7 vgi (7) ° (%EV ’u?s) (%7 95;) (UEV’
w,, ) (v, uy,) . , Su e—>0 v —wv, Uy —> Uy o
W=Uy — Uy v = U, T Uy, » w
1 .
dw = =0, (wg)de +[f @) — f . )Jde + (1 =907 (o, —v)de +Ve dW).
e =inflt € [0.TT; [ u ¥ >R} .R >0,
| w( A Z‘R)Hf Ito ,
. 1 z/\TR ) ) 1/\TR ) o
| w( A z‘R) Il %, <?J (A’w,A’H(wg))dz‘vLJ (AMw A [ fu,) — fu, ) Ddr +
0 0
AT “tht
J R<A~w,A-**2<v€—v>>df+ﬁj AW, AW ) 21)
0 0
19,
1 [theg ) 1 AT ) N L . thep —
?J (ANw, A (’wg))dz'+J (A“w,A‘[f(uﬂ—f(uvs)])errJ (ANw, A7 (v, —v))de <
0 0 0
R 2 theg 5
(,j | || 3 de +j v, — o | e de (22)
0 0
BDG
tNt T
E sup_ﬁf R(A"’w,A"’ZdWV)gC«EJ E sup |[w() | % de (23)
te[0.7] 0 0 r-e[o.zArR]
(21)—(23)
.’[‘ .TAT
E swp Jwli<CO+dO[ E sup i [hudet | "™ ool fsde.
/EEO.T/\TR] 0 1'6[0~1/\TR] 0
Gronwall’s ,
“thT
E sup Jwl?< efJ o=l Hede 24)
/G[O-T/\TR] 0
C(0,T];H e >0 Uy —> Uyo
V& >0, 1 M >0, R >M

PGz <T)<PCsup |u, | >R><%

te[0,T]



378 ( ) 2020 43

o)

P( sup H w( At ) H H > A) < —.

(€[0.T] R 2

w C{o0, T];H® 0, 1 .
4) (&)) o
3 s >17/2, YA >0
limelnPC sup [ u, —u. |5 >2) =—0c0 (25)
e—>0 0e[0.T]
R >0,

c =inf{t € [0,T]s luc [ 5 >R [, | e >R =0,D}.
W=u, U, g =u, tu. ., w
1 .
dw =20, (wg)d + [ f (u,) — fCu)]dt +ve (1= (wdW, +d(W, —W)),

1to ,
1

theg R ; ‘ _ _
lwe A e i < oo 1+ 5| o a™ Gogdde + [ (o A Lr G — £ G ) Dde +

LA
2 0
thNt tht
J “(Aw, AW ) +J “(Aw, AT AW, —dW) = [l w, |+ A+ B
0

0

tAt T, R _
A:ij R(A"wyA’\H(wg))dr—l—J I‘(A“w,A"[f(ﬁ.v)*f(ﬂl,e)])dr—Q—J (ANw, A dW ),

tA tA
2 0 0

0

thz
B :J FAw L, AT AW, — dWD).

0
(19,
They ;
E sup A < CEJ | w || % dz.
1€00.T] 0
13, D6%7]: C, q ;2 2
M,=0,

H Mz* H La(Q) < C(JUZ || <M.\>l'/2 H La

o

: M) = sup | M,
O=Cs=t

<s=

(28), Holder Young ,

(B [ Blg) 2/q < C4k [E(|

<IC

Thzy ) ) a/2 _2/q

o e lh g ligdr 1 <
TA

0

T q/2 _2/q T/\TR ) )
CEE( "™ Jwlnan T <o "M@ Tw i
0

TAz
ELsup el Ae) 5307 <l i+ CR| @ w307 e,

==
Gronwall’s )

(E[ sup
(B

sup el Az ) |5 007 < e,
1 ) R9 € 6 (091]9
P(rR <T) e ™
q=2,

: BublistiffrHous STEOR) T2k

ECsup [[wG) || 5%
0

B

] ‘ » ]
elnP)((dupa fheadenn ‘L'R; il Beal

0<i<

(26)

27)

M,,

(28)

(29)

(300



3 : Camassa-Holm 379

e >0 ’ (31) — 0O,
limelnP(sup || w( Az )% >21)=—oco,
>0 0<t<T R
w Uy T U
limelnP C sup [l u, —u. [ >21) =—oco.
e—>0 0e[0.T]
3 o
2 4) {u,:e >0} C(O0, T]:H)Y(s>17/2) ,
(18) o
1 (5) ; 3 4) (%)
. , [18] 4 2 13 {u,} , 2 .
3
, , Camassa-Holm
, Camassa-Holm R
Camassa-Holm . k=2 ,

[1] Constantin A, Kolev B. Geodesic flow on the diffeomorphism group of the circle[ J]. Commentarii Mathematici Helvetici,
2003, 78(4) . 787-804.
[2] Constantin A, Kolev B. Integrability of invariant metrics on the diffeomorphism group of the circle[ J]. Journal of
Nonlinear Science, 2006, 16(2): 109-122.
[3] Mclachlan R, Zhang X Y. Well-posedness of modified Camassa—-Holm equation[ ] ]. Journal of Differential Equations, 2009,
246(8): 3241-3259.
[4] Mu C L, Zhou S M, Zeng R. Well-posedness and blow-up phenomena for a higher order shallow water equation[]].
Journal of Differential Equations, 2011, 251(12): 3488-3499.
[5] Fu Y G, Liu Z R, Tang H. Non-uniform dependence on initial data for the modified Camassa-Holm equation on the line
[J]. Acta Mathematica Scientia, 2014, 34B(6): 1781-1794.
[6] , . Camassa-Holm [Jl. ( ), 2018, 39(6): 759~
764.
[7] Miyatake Y, Matsuo T, Furihata D. Conservative finite difference schemes for the modified Camassa-Holm equation[ ] ].
JSIAM Letters, 2011, 3. 37-40.
[8] Miyatake Y, Matsuo T, Furihata D. Invariants-preserving integration of the modified Camassa-Holm equation[]]. Japan
Journal of Industrial and Applied Mathematics, 2011, 28 351-381.
[9] Crisan D, Holm D D. Wave breaking for the stochastic Camassa-Holm equation[ ] ]. Physica D: Nonlinear Phenomena,
2018, 376/377: 138-143.
[10] Varadhan S R S. Large Deviations and Applications[ M]. New York: Society for Industrial and Applied Mathematics,
1984. 3-6.
[11] Budhiraja A, Dupuis P. A variational representation for positive functional of infinite dimensional Brownian motion[]].
Probability and Mathematical Statistics, 2000, 20; 39-61.
[12] Chen Y, Gao H J, Luo H. On the stochastic two-component b-family system[J]. Stochastic Analysis and Applications,
2016, 34(6): 1025-1044.
[13] Brzezniak Z, Manna U, Panda A A. Large deviations for stochastic Nematic liquid crystals driven by multiplicative
Gaussian noise[ ] ]. Potential Analysis, 2019 1-40.
[14] Matoussi A, Sabbagh W, Zhang T S. Large deviation principles of obstacle problems for quasilinear stochastic PDEs[J].
Applied Mathematics & Optimization, 2019 1-31.
[15] Stroock D W. An Introduction to the Theory of Large Deviations| M ]. New York: Springer, 1984 7-8.
[16] Barlow M T, Yor M. Semi-martingale inequalities via the Garsia-Rudemich - Rumsey lemma, and applications to local
time[ J]. Journal of Functional Analysis, 1982, 49. 198-229.
[177] Davis B. On the L? -norm of stochastic integrals and other martingales[ J]. Duke Mathematical Journal, 1976, 43(4):
697-704.
[18] Dembo A, Zeitouni O. Large Deviations Techniques and Applications[ M]]. New York: Springer, 1998: 175-250.

( : )



