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　　Abstract:Inthispaper,theauthorsobtainseveralmonotonicityandconvexitypropertiesofthegeneralized(p,q)Ｇ

ellipticintegralsKp,q(r)andEp,q(r)forp,q∈(１,∞)andr∈(０,１),bystudyingtheanalyticpropertiesofcertain

combinationsintermsofKp,q(r),Ep,q(r)andsomeelementaryfunctions．
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０　Introduction

Forr∈(０,１),Legendre􀆳scompleteellipticintegralsofthefirstandsecondkindsaredefinedas

K＝K(r)＝∫
π/２

０

dt
１－r２sin２t

andE＝E(r)＝∫
π/２

０
１－r２sin２tdt,

respectively,whicharethespecialcasesoftheGaussianhypergeometricfunctions

F(a,b;c;x)＝２F１(a,b;c;x)＝ ∑
∞

n＝０

(a,n)(b,n)
(c,n)

xn

n!,x ＜１ (１)

where(a,０)＝１fora≠０,and(a,n)istheshiftedfactorialfunction
(a,n)＝a(a＋１)(a＋２)􀆺(a＋n－１) (２)

forn∈N＝{k|kisapositiveinteger}．(See[１])

Inrecentyears,certaingeneralizationsoftheclassicaltrigonometricfunctionshaveattractedmuch
interest．Forp,q∈(１,∞)andforx∈[０,１],definethefunction

arcsinp,qx ＝∫
x

０

dt
(１－tq)１/p (３)

andset

πp,q ＝２arcsinp,q(１)＝２∫
１

０

dt
(１－tq)１/p ＝ ２

q
B １－１

p
,１
q

æ

è
ç

ö

ø
÷ (４)

whereBistheclassicalbetafunction．Thefunctionarcsinp,qxhasaninversedefinedon[０,πp,q/２],which
canbeextendedtoanodd２πp,qＧperiodicfunction,denotedbysinp,q,onthesetRofrealnumbersby
naturalproceduresdesignedtomimicthebehaviourofthesinefunction．Thefunctionsinp,qissaidtobe



thegeneralized(p,q)Ｇsinefunction,reducestotheclassicalsinefunctionwhenp＝q＝２,andoccursasan
eigenfunctionoftheDirichletproblemforthe(p,q)ＧLaplacian．(Cf．[２Ｇ３]．)

Forp,q∈(１,∞)andforr∈(０,１),thesoＧcalledgeneralized(p,q)Ｇellipticintegralsofthefirstand
secondkindsaredefinedas

Kp,q(r)＝∫
πp,q

/２

０

dt
(１－rqsinq

p,qt)１－１/p ＝∫
１

０

dt
(１－tq)１/p(１－rqtq)１－１/p

(５)

and

Ep,q(r)＝∫
πp,q

/２

０
(１－rqsinq

p,qt)１/pdt＝∫
１

０

１－rqtq

１－tq
æ

è
ç

ö

ø
÷

１/p

dt (６)

respectively,whichwereintroducedandstudiedrecently．(Cf．[４Ｇ５]．)Forp＝q＝２,thesetwofunctions
reducetothecompleteellipticintegralsK(r)andE(r),respectively．Itiseasytoseethatthegeneralized
(p,q)Ｇellipticintegralshavethefollowingexpressions(cf．[５])．

Kp,q＝Kp,q(r)＝πp,q

２F １－１
p

,１
q

;１－１
p＋１

q
;rqæ
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ø
÷

K′p,q＝K′p,q(r)＝Kp,q(r′)

Kp,q(０)＝πp,q

２
,Kp,q(１)＝∞
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ï
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ï
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(７)

and

Ep,q＝Ep,q(r)＝πp,q

２F －１
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E′p,q＝E′p,q(r)＝Ep,q(r′)

Ep,q(０)＝πp,q

２
,Ep,q(１)＝１

ì
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ï
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(８)

Hereandhereafter,weletr′＝ (１－rq)１/q．Clearly,Kp,q (Ep,q)isstrictlyincreasing (decreasing,

respectively)on(０,１)．By[４,Corollary１．２],thesetwofunctionssatisfytheLegendrerelation

Kp,q(r)E′p,q(r)＋K′p,q(r)Ep,q(r)－Kp,q(r)K′p,q(r)＝πp,q

２ ．

ItiswellknownthatthecompleteellipticintegralsKandEhavemanyapplicationsinseveralfieldsof
mathematicsaswellasinphysicsandengineering．NumerouspropertieshavebeenobtainedforKandE
(cf．,forinstance,[６Ｇ１０])．However,onlyafew basicpropertiesofthegeneralized (p,q)Ｇelliptic
integralsKp,qandEp,qhavebeenrevealed(see[４Ｇ５,１１])．Itisnaturaltoaskwhethertheknownproperties
ofKandEcanbeenextendedtoKp,qandEp,q．

ThepurposeofthispaperistopresentseveralmonotonicityandconvexitypropertiesofKp,qandEp,q,

bystudyingtheanalyticpropertiesofcertaincombinationsdefinedintermsofKp,q,Ep,qandsomeelementary
functions,thusextendingsomeknownpropertiesofKandEtoKp,qandEp,q．

Throughoutthispaper,wealwaysleta＝１－１/pandb＝a＋１/qforp,q∈(１,∞),γ＝０．５７７２１５􀆺be
theEulerconstant,ψtheclassicalpsifunction,andlet

R(x,y)＝－２γ－ψ(x)－ψ(y)(x,y∈(０,∞)) (９)

１　MainResults

Inthissection,westatethemainresultsofthispaper．
Theorem１　Forp,q∈(１,∞),wehavethefollowingconclusions:

a)Thefunctionf１ (r)≡ (Ep,q －r′qKp,q)/rqisstrictlyincreasingandconvexfrom (０,１)onto
(aπp,q/(２b),１)．

b)Thefunctionf２(r)≡r′qKp,q/Ep,qisstrictlydecreasingfrom (０,１)ontoitself．
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c)Thefunctionf３(r)≡(Ep,q－r′qKp,q)/(rqKp,q)isstrictlydecreasingfrom (０,１)onto(０,a/b)．
d)Thefunctionf４(r)≡(Kp,q－Ep,q)/(rqKp,q)isstrictlyincreasingfrom (０,１)onto(１/(qb),１)．
e)Thefunctionf５(r)≡(Ep,q－r′qKp,q)/(Kp,q－Ep,q)isstrictlydecreasingfrom (０,１)onto(０,aq)．
f)Thefunctionf６(r)≡r′q(Kp,q－Ep,q)/(rqEp,q)isstrictlydecreasingfrom (０,１)onto(０,１/(qb))．
Theorem２　Forp,q∈(１,∞)andc∈ －∞,∞( ),wehavethefollowingconclusions:

a)Thefunctiong１(r)≡r′cKp,qisdecreasing (increasing)on (０,１)ifandonlyifc≥a/b(c≤０,

respectively)withg１((０,１))＝(０,πp,q/２)ifc≥a/b．
b)Thefunctiong２(r)≡r′cEp,qisincreasing(decreasing)on(０,１)ifandonlyifc≤－１/(pb)(c≥０,

respectively),withg２(０,１)＝(πp,q/２,∞)ifc≤－１/(pb)．
Theorem３　Forp,q∈(１,∞)andc∈ －∞,∞( ),thefunctionh１(r)≡Kp,q＋clogr′isincreasingand

convex(decreasing)on[０,１)ifandonlyifc≤aπp,q/(２b)(c≥１,respectively)．Moreover,ifc≥１,thenh１

isconcaveon[０,１)．Inparticular,thefunctionh２(r)≡Kp,q＋logr′isstrictlydecreasingandconcavefrom
(０,１)onto(R(a,１/q)/q,πp,q/２),sothatforp,q∈(１,∞)andr∈(０,１)andR＝R(a,１/q)/q,

πp,q

２ ＋log１
r′－ πp,q

２ －Ræ

è
ç

ö

ø
÷r≤Kp,q(r)≤πp,q

２ ＋log１
r′

(１０)

withequalityineachinstanceifandonlyifr＝０．
Remark　a)Ifp＝q＝２,thenTheorem１a)ande),andTheorem１c)—d)reduceto[６,Theorem３．

２１(１)& (６)]and[６,Exercise３．４３(４６)& (３２)],respectively,whileTheorems２—３reduceto[６,

Theorem３．２１(７)& (８)]and[６,Theorem３．２１(３)],respectively．
b)Ifp＝qanda＝１/p,thenTheorems１—３giveseveralpropertiesofthegeneralizedellipticintegrals

KaandEa,whichwereobtainedin[１２,Lemmas５．２&５．４,Theorem５．５(１)]．
Wenowrecallthefollowingtwolemmasneededintheproofsofourmainresults．
Lemma１　([１３])Letrn,sn∈ －∞,∞( ) forn∈N．Supposethatthepowerseries

R(x)＝ ∑
∞

n＝１
rnxnandS(x)＝ ∑

∞

n＝１
snxn (１１)

arebothconvergentfor x ＜１．Ifallsn＞０andifrn/snisstrictlyincreasing(decreasing)inn∈N,then
thefunctionR/Sisstrictlyincreasing(decreasing,respectively)on(０,１)．

Lemma２　([５])Forp,q∈(１,∞)andr∈(０,１),

dKp,q

dr ＝Ep,q－r′qKp,q

rr′q ,dEp,q

dr ＝－q
Kp,q－Ep,q

pr
(１２)

２　ProofsofMainResults

２．１　ProofofTheorem１
a)By(１)and(７)—(８),wehave

Ep,q－r′qKp,q ＝πp,q

２ ∑
∞

n＝０

(－１/p,n)(１/q,n)
(b,n)n! －

(a,n)(１/q,n)
(b,n)n![ ]rqn ＋∑

∞

n＝０

(a,n)(１/q,n)
(b,n)n! rq(n＋１){ }

＝πp,q

２ ∑
∞

n＝１

(－１/p,n)(１/q,n)
(b,n)n! －

(a,n)(１/q,n)
(b,n)n! ＋

(a,n－１)(１/q,n－１)
(b,n－１)(n－１)![ ]rqn

＝aπp,q

２ ∑
∞

n＝１

n(a,n－１)(１/q,n－１)
(b,n)n! rqn ＝aπp,q

２ rq∑
∞

n＝０
bnrqn (１３)

wherebn＝an/(n＋b)andan＝(a,n)(１/q,n)/[(b,n)n!],andhencethemonotonicityoff１follows．
Clearly,f１(１－ )＝１．By(１３),f１(０＋ )＝aπp,q/(２b)．

b)ObservethatEp,q－r′qKp,qisincreasingon(０,１)by(１３),andEp,qisdecreasingon(０,１)．Since
f２(r)＝１－(Ep,q－r′qKp,q)/p,q,themonotonicityoff２follows．Thelimitingvaluesoff２areclear．

c)Itfollowsfrom (１),(７)and(１３)that

７６７第６期 JIAORenbing,etal:Monotonicityandconvexitypropertiesofthegeneralized(p,q)Ｇellipticintegrals



f３(r)＝a
∑

∞

n＝０
bnrqn( )

∑
∞

n＝０
anrqn( )

(１４)

Sincebn/an＝１/(n＋b)isstrictlydecreasinginn∈N∪{０},weobtainthemonotonicityoff３byLemma１．
Thelimitingvaluesoff３areclear．
d)Sincef４(r)＝１－f３(r),partd)followsfrompartc)．
e)Parte)followsfrompartsc)—d)．
f)Clearly,f６(r)＝１－f１(r)/Ep,q,andhencepartf)followsfromparta)．□

２．２　ProofofTheorem２
a)Letf３beasinTheorem１c)．ThenbyLemma２andbydifferentiation,

r′q－cr１－qg′１(r)/Kp,q＝f３(r)－c．
HencebyTheorem１c),g１isdecreasing(increasing)on(０,１)ifandonlyif

c≥sup
０＜r＜１

f３(r)＝a
b c≤inf

０＜r＜１
f３(r)＝０,respectively( ) ．

b)Letf６beasinTheorem１f)．ThenbyLemma２,wehave
r′q－cr１－qg′２(r)/Ep,q＝－[c＋qf６(r)/p]．

HencebyTheorem１f),g２isincreasing(decreasing)on(０,１)ifandonlyif

c≤－q
psup

０＜r＜１
f６(r)＝－１

bpc≥－q
p inf

０＜r＜１
f６(r)＝０,respectivelyæ

è
ç

ö

ø
÷,

yieldingtheresultinpartb)asdesired．□
２．３　ProofofTheorem３

Letf１beasinTheorem１a)．ThenLemma２anddifferentiationgive
r′qr１－qh′１(r)＝f１(r)－c,

sothatbyTheorem１a),

h′１(r)≥０ ≤０( )⇔c≤inf
０＜r＜１

f１(r)＝aπp,q

２b c≥sup
０＜r＜１

f１(r)＝１,respectively( ),

whichyieldsthemonotonicityofh１．
Next,itfollowsfrom (１)and(７)that

h１(r)－πp,q

２ ＝ １
q∑

∞

n＝１

１
n An －c( )rqn (１５)

whereAn＝qπp,q(a,n)(１/q,n)/２(b,n)(n－１)![ ]．Since
An＋１

An
＝１＋ a

qn(n＋b)＞１,

Anisstrictlyincreasinginn∈N．Clearly,A１＝qπp,q/(２b)．By[１,６．１．４７]and(４),itiseasytoobtainthe
limitingvalueA∞ ＝lim

n→∞
An＝１．Henceitfollowsfrom (１５)thath１isconvexon(０,１)ifandonlyifc≤A１

＝qπp,q/(２b),andh１isconcaveon(０,１)ifc≥A∞ ＝１．
Thelimitingvalueh２(０)＝πp,q/２,andthemonotonicityandconcavitypropertiesofh２areclear．By

[１,１５．３．１０],weobtainthelimitingvalueh２(１－ )＝R(a,１/q)/q．
Thedoubleinequalityanditsequalitycaseareclear．□
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广义(p,q)Ｇ椭圆积分的单调性和凹凸性
焦仁兵,裘松良,葛耿韬

(浙江理工大学理学院,杭州３１００１８)

摘要:通过研究由广义(p,q)Ｇ三角函数定义的一种新型的广义(p,q)Ｇ椭圆积分 Kp,q、Ep,q与某些初等函

数的组合的分析性质,获得了Kp,q和Ep,q的一些单调性和凹凸性.其中,p,q∈(１,∞),r∈(０,１).
关键词:广义(p,q)Ｇ三角函数;广义(p,q)Ｇ椭圆积分;单调性;凹凸性
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