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　　Abstract:Letr′＝ １－r２ andMn(r)bethe(conformal)modulusoftheGrötzschRinginthequasiconformal
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Mn(r′)n－１＋r２Mn(r′)Mn(r)n－１,thusimprovingknownboundsforH(r),andcorrectinganerrorintheproofofa
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０　NotationandMainResults

Forn≥２,letRndenotethenＧdimensionalEuclidianspace,􀭺Rn＝Rn∪{∞},BntheunitballinRn,and
lete１,e２,．．．,enbethestandardunitvectorsinRn．AdomainD⊂􀭺Rnissaidtobearingdomain(oraring
inbrief)if􀭺Rn\DconsistsoftwocomponentsC０andC１,whereC０isbounded．Sucharingisusually
denotedbyR(C０,C１)．Fors＞１,thesoＧcalledGrötzschringisdefinedby

RG,n(s)＝R(Bn,[se１,∞]),s＞１,

whichmeansthatthecomplementarycomponentsoftheGrötzschringRG,n(s)withrespectto􀭺RnareC０＝

Bn＝Bn∪∂BnandC１＝[se１,∞]．(See[１,p．１４９]．)

ForE,F⊂G⊂􀭺Rn,wedenotethefamilyofcurvesjoiningEandFinGbyΔ(E,F;G)．IfG＝Rnor􀭺Rn,

thenwemayomitGandsimplydenoteΔ(E,F;G)byΔ(E,F)．LetΓbeafamilyofcurvesin􀭺Rn,􀭺R＝R∪
{∞},andforanarbitrarylocallyrectifiablecurveγ∈Γ,putF(Γ)＝{ρ|ρ:Rn→􀭺RisanonnegativeBorelＧ

measurablefunctionsuchthat∫γ
ρds≥１}．Thefunctionρissaidtobeadmissibleifρ∈F(Γ)．Themodulus

ofΓisthendefinedas

M(Γ)＝ inf
ρ∈F(Γ)∫Rn

ρndm,

wheremisthenＧdimensionalLebesguemeasure．By[１,Theorem８．２８,(８．３１),(８．３４)and(８．３５)],the
conformalcapacitycapRG,n(s)oftheGrötzschringRG,n(s)canbeexpressedby

γn(s)≡capRG,n(s)≡M(Δ(Bn,[se１,∞])),



whilethe(conformal)modulusofRG,n(１/r)isdefinedby

Mn(r)＝modRG,n(１/r)＝ ωn－１

γn(１/r)[ ]
１/(n－１)

,r∈(０,１),

whereωn－１isthesurfaceareaoftheunitsphereSn－１＝∂Bn．Clearly,μ(r)≡M２(r)isexactlythesoＧcalled
Grötzschringfunction,whichhasthefollowingexpression

μ(r)＝π
２

K′(r)
K(r), (１)

where

K(r)＝∫
π/２

０

dt
１－r２sin２t

andK′(r)＝K(r′)

forr∈(０,１),arethecompleteellipticintegralsofthefirstkind(see[１]or[２])．HereandhereＧafter,we

alwaysletr′＝ １－r２ forr∈[０,１]．ItiswellknownthattheGrötzschringRG,n(１/r)anditsmodulus
Mn(r)oritscapacityγn(１/r)playanextremelyimportantroleinthestudyofquasiconformalmappingsinRn．

TheGrötzschringconstantλnisdefinedby
logλn＝lim

r→０＋
[Mn(r)＋logr],

whichisindispensableinthestudyofMn(r)andγn(s)．Itiswellknownthatλ２＝４．Unfortunately,sofar
wehaveonlyknownsomeestimatesforλn whenn≥３,amongwhichisthefollowingdoubleinequality

２e０．７６(n－１)＜λn≤２en＋(１/n)－(３/２),n≥３ (２)
(see[１,Theorem１２．２１(１)]and[３])．

Nowweintroducethegammaandbetafunctions,andsomeconstantsdependingonlyonn,whichare
neededinthestudyofthepropertiesofMn(r)andγn(s)．Asusual,forcomplexnumbersxandywithRe
x＞０andRey＞０,thegammaandbetafunctionsaredefinedby

Γ(x)＝∫
∞

０
tx－１e－tdtandB(x,y)＝∫

１

０
tx－１(１－t)y－１dt,

respectively．(Cf．[４]and[５]．)Itiswellknownthat,forn≥３,thevolumeΩnofBnandthe(n－１)Ｇ
dimensionalsurfaceareaωn－１ofSn－１canbeexpressedby

Ωn＝２π
nΩn－２＝ πn/２

Γ(１＋n/２)andωn－１＝nΩn＝ nπn/２

Γ(１＋n/２),

respectively．(Cf．[１,２．２３]and[６]．)Let

Jn ＝∫
π/２

０
(sint)(２－n)/(n－１)dt＝ １

２B １
２(n－１),

１
２

æ

è
ç

ö

ø
÷ ,cn＝(２Jn)１－nωn－２,An＝

ωn－１

２ncn

æ

è
ç

ö

ø
÷

１/(n－１)

．

Inparticular,

J２＝π/２,J３＝ ２K(１/２)＝２．６２２０５􀆺,c２＝２/π,c３＝４π２Γ(１/４)－４＝０．２２８４７􀆺,A２＝π２/４andA３＝J３．
SomepropertiesofΩn,ωn－１,Jn,cnandAn weregivenin[１,pp．３８Ｇ４４&１６３]andin[６]．

Inthesequel,weletarthdenotetheinversefunctionofthehyperbolictangenttanh,thatis,

arthx＝１
２log１＋x

１－x
,－１＜x＜１．

Duringthepastdecades,manypropertieshavebeenobtainedforμ(r)(cf．[１]－[２]and[７])．The
knownpropertiesofMn(r),however,aremuchlessthanthoseofμ(r),becauseoflackofeffectivetools
forthestudyofMn(r)whenn≥３．Forexample,wehavenoexplicitexpressionasorsimilarto(１)for
Mn(r)whenn≥３．FortheknownpropertiesofMn(r)anditsrelatedfunctions,thereaderisreferredto
[１],[３]and[７Ｇ１３]．SomeoftheseknownresultsforMn(r)arerelatedtotheconstantsλn,Ωn,ωn－１,Jn,

cnandAn．Forexample,thefollowinginequalitieshold

An
１
２μ

１－r
１＋r

æ

è
ç

ö

ø
÷[ ]

１/(１－n)

≤Mn(r)≤An
１
２log１－r

１＋r
æ

è
ç

ö

ø
÷

１/(１－n)

(３)
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log１＋r′
r ＜Mn(r)＜log

λn(１＋r′)
２r

(４)

０＜Mn(r)n－１log１＋r
１－r ＜２An－１

n (５)

forr∈(０,１)andn≥３(see[１,Theorems１１．２０(１),１１．２１(２)&(４),and１１．２１(５)])．
Ontheotherhand,ifwelethn(r)＝r′２Mn(r)Mn(r′)n－１,thenforallr∈(０,１),

h２(r)＋h２(r′)＝μ(r)μ(r′)≡π２/４
by[１,(５．２)]．Itiswellknownthatforeachn≥２,allr∈(０,１)andforallK＞０,

φK,n(r)２＋φ１/K,n(r′)２＝１⇔Mn(r)Mn(r′)＝const,

whereφK,n(r)＝M－１
n (αMn(r))andα＝K１/(１－n)(cf．[１,８．７０])．Therefore,itisquitesignificantforusto

studythepropertiesofthefunctionhn,inordertorevealthepropertiesofMn(r)andφK,n(r)．In [８,

Theorem５．１(３)],itwasprovedthatforeachn≥２andallr∈(０,１),

An－１
n ＝ωn－１

２ncn
＜hn(r)＋hn(r′)＜４ωn－１

２ncn
logλn＝４An－１

n logλn (６)

Later,[１,１１．３６(２)]saysthatforeachn≥２andallr∈(０,１),

An－１
n ＝ ωn－１

(２ncn)
＜hn(r)＋hn(r′)＜２An－１

n logλn (７)

However,theproofofthesecondinequalityin(７)givenin[１,p．２４４]containsanerror．Thisproofin
[１,p．２４４]isasfollows:[１,Corollary１１．２３(１)and(４)]yield

hn(r)≤An－１
n r′２log(λn/r)

log(１/r),

andtheupperboundin(７)follows,since[１,Theorem１．２５]impliesthatthefunction

r →r′２log(λn/r)
log(１/r)

isincreasingfrom (０,１)onto(１,２logλn)．Itiseasytoseethatbythis“proof”,onecanonlyobtainthe
followinginequality

hn(r)＜２An－１
n logλn,

sothattheupperboundforhn(r)＋hn(r′),whichwecanobtainbythismethod,isasfollows
hn(r)＋hn(r′)＜４An－１

n logλn,

consistingwiththatin(６)．Sofar,theknownbestupperboundforhn(r)＋hn(r′)isgivenby(６)．
Inadditiontoindicatingtheerrorintheproofof(７)givenin[１,p．２４４]asaboveＧmentioned,the

mainpurposeofthispaperistoimprovetheupperboundgivenin(６)byprovingthefollowingresult．
Theorem１　Lethn(r)＝r′２Mn(r)Mn(r′)n－１．Thenforeachn≥２andallr∈(０,１),

An－１
n ＜hn(r)＋hn(r′)＜βAn－１

n logλn (８)

where

β＝ １
log(１＋ ２)１＋log(１＋ ２)－log２

１．５２＋log２
é

ë
êê

ù

û
úú＝１．２３１０８􀆺．

１　ProofofTheorem１

TheproofofTheorem１statedinSection０requiresthefollowinglemma．
１．１　ATechnicalLemma

Lemma１　a)Forr∈(０,１),letg(r)＝r２/arthrandf(r)＝g′(r)/r．Thenfisstrictlydecreasing
from (０,１)onto(－∞,∞)．

b)ThefunctionF(r)≡g(r)＋g(r′)isstrictlyincreasingon ０,１
２

æ

è
ç

ù

û
úú,anddecreasingon

１
２

,１é

ë
êê

ö

ø
÷．In
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particular,forallr∈(０,１),

F(r)≤F
１
２

æ

è
ç

ö

ø
÷＝ １

log(１＋ ２)
(９)

Thefirstequalityin(９)holdsifandonlyifr＝１/２．
Proof:a)Differentiationgives

g′(r)＝ r
(arthr)２ ２arthr－r

r′２
æ

è
ç

ö

ø
÷,

sothat

f(r)＝g′(r)
r ＝ ２

arthr－ r
(r′arthr)２ (１０)

Clearly,f(０＋ )＝∞andf(１－ )＝－∞．Bydifferentiation,

r′
r

(r′arthr)３f′(r)＝２１－arthr
r

æ

è
ç

ö

ø
÷－r′２arthr

r
(１１)

whichisnegativeforallr∈(０,１)sincethefunctionr →(arthr)/risstrictlyincreasingfrom (０,１)onto
(１,∞)．Thisyieldstheresultforf．

b)Itiseasytoverifythat
１
rF′(r)＝h(r)≡f(r)－f(r′)．

Bypart(１),hisstrictlydecreasingfrom (０,１)onto(－∞,∞)andhasauniquezeror０＝１/２on(０,１)．
ThisyieldsthepiecewisemonotonicityofF．

Thentheremainingconclusionsareclear．
１．２　ProofofTheorem１

Thefirstinequalityin(８)wasprovedin[８,Theorem５．１(３)]．
LetH(r)＝hn(r)＋hn(r′),andFbeasinLemma１b)．By(５),weseethat

Mn(r)n－１arthr＜An－１
n ,n≥２,０＜r＜１ (１２)

Ontheotherhand,thefollowinginequalityholds
Mn(r)＜log(λn/２)＋arthr′ (１３)

foreachn≥２andall０＜r＜１,sincethefunction
r →Mn(r)/[log(λn/２)＋arthr′]

isstrictlydecreasingfrom (０,１)onto(０,１)by[１,Theorem１１．２１(４)]．Itfollowsfrom (１２)and(１３)

that

　　　　　　　　H(r)＝r′２Mn(r)
arthr′

􀅰Mn(r′)n－１arthr′＋r２Mn(r′)
arthr

􀅰Mn(r)n－１arthr

≤An－１
n

r′２

arthr′Mn(r)＋ r２

arthrMn(r′)[ ]

≤An－１
n [ r′２

arthr′log
λn

２＋arthr′æ

è
ç

ö

ø
÷＋ r２

arthrlog
λn

２＋arthræ

è
ç

ö

ø
÷ ]

＝An－１
n １＋ r２

arthr＋ r′２

arthr′
æ

è
ç

ö

ø
÷log

λn

２[ ]

＝An－１
n １＋F(r)log

λn

２[ ]．

This,togetherwithLemma１b),yields

H(r)≤An－１
n １＋ １

log(１＋ ２)
log

λn

２
é

ë
êê

ù

û
úú＝An－１

n
logλn

log(１＋ ２)１＋log(１＋ ２)－log２
logλn

é

ë
êê

ù

û
úú (１４)

By(２),thefollowingdoubleinequalityholds

６０１ 　　　　　　　　　　　　　　浙　江　理　工　大　学　学　报 ２０１８年　第３９卷



１
logλn

＜ １
０．７６(n－１)＋log２≤ １

１．５２＋log２
(１５)

withequalityifandonlyifn＝３．Sincelog(１＋ ２)－log２＝０．１８８２２６􀆺＞０,itfollowsfrom(１４)and(１５)

that
H(r)≤βAn－１

n logλn,

where

β＝ １
log(１＋ ２)１＋log(１＋ ２)－log２

１．５２＋log２
é

ë
êê

ù

û
úú＝１．２３１０８􀆺．

Thisyieldsthesecondinequalityin(８)asdesired．
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Rn 中Grötzsch环的共形模的一个不等式
裘松良,武海琴

(浙江理工大学理学院,杭州３１００１８)

摘要:设 Mn(r)为n维拟共形理论中的 Grötzsch环RG,n(１/r)的模,r′＝ １－r２ ,其中０＜r＜１,n≥３.
建立了函数 H(r)≡r′２Mn(r)Mn(r′)n－１＋r２Mn(r′)Mn(r)n－１满足的一个双向不等式,较大程度地改进了

H(r)的已知上界,指出并纠正了 G．D．Anderson、M．K．Vamanamurthy和 M．Vuorinen的专著中给出的

关于 H(r)的一个上界的证明中存在的错误.
关键词:n维拟共形理论;Grötzsch环;共形模;不等式
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