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On approximation the Toader-type mean by other bivariate means
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Abstract: In the article, the authors provide several sharp approximations for the Toader-type mean in
terms of Gaussian arithmetic-geometric mean by showing the monotonicity properties for the combinations
or compositions of these related means. As the application of the results, by use of the relationship
between Toader-type mean and the complete elliptic integral of the second kind, the new bounds for the
complete elliptic integral of the second kind were obtained, which provided the relations between the
complete integrals of the first kind and second kind.
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0 Introduction

Let a ,6>>0. Toader'” introduced a mean

1S
/2
T(a,b)zéj a’® cos’d+ b sin0df =<a, a=b,
Ty
2 o))
Tl ) ) e

where
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Js =e(r) :%J v 1—7r%sin’6d4.,
0

e = (r)=e("),

WE(O)—;[,E(I) =1

for r€(0,1) and r'=v/1—r" is the complete elliptic integral of the second kind.

The Toader mean T (a,b) is well known in mathematical literature for many years, and it satisfies
2 ,
T, r)=—e(")
T

fora=1, b =r € (0,1). Therefore it cannot be expressed in terms of the elementary transcendental
functions.
Let p€R and a ,6>>0. Then the p-th power mean M, (a,b) is defined by
) e
M, (a.b) =
Vab p=0.

We clearly see that M, (a,b) is symmetric and homogeneous of degree one with respect to a and b,

strictly increasing with respect to p €R for fixed a ,6>>0 with a#b. The following well-known inequalities
Ha,b) =M _ (a,b) <M (a,b) =Ala,b) <<M,(a,b) =Q(a,b) < Cla,b) @y

2 2
hold for a +6™>0 with a %b, where H(a,b)zc%,ma,b):“gb,cz(a,b): 4 g”

and C(a,b)=
a*+b*
a+tb
The following inequality was conjectured in [ 2] that
M, ,(a.b) <<T(a.b)
for all a,6>0 with a #%b. This inequality was verified in [ 3-4] respectively. Later in [ 5], the authors

, are the harmonic, arithmetic,quadratic and contraharmonic means of a and b, respectively.

proved the sharp inequality
Tlasb) < Man/'ln(m’?) (a.b)
for all a ,6>>0 with a=4b. The constants 3/2 and In2/In(zx/2)=1. 53+++ are best possible.
The classical Gaussian arithmetic-geometric mean AGM (a ,b) of two positive real numbers a and b is
defined by the common limit of the sequences {a”} and {b” }» which are given by
a,=a,b,=b,

an +b71

a11+1 - 2 7])714’1 - an()n *

The remarkable Gaussian identity'® shows that

AGM1,p) =——2%
21 —7r%)
for all r& (0,1), where

/2
K:K(n:ﬂj 1,
2), J1—2 sin’d

Tc/ =k (r) =),

K<o>:§,x<1>:oo

for r€(0,1) and r' =V 1—77 is Legendre's complete elliptic integral of the first kind.

Recently, the bounds for the Toader mean T (a, ) and Gaussian arithmetic-geometric means
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AGM (a ,b) have attracted the interest of many mathematicians, see [ 7-107]. The following inequalities

L(a.b) << AGM(a.b) << A(a.b) < %L(a,b),

2
AV @GV () < AGM(a ) < (HALD) T/CLa0) |
for all a ,6>0 with a5%b were established in [11-12], where G(a,6)=+'ab and L (a ,b) :ﬁ are
geometric and logarithmic means, respectively.
Wang et al'"®! proved that the constants
a, =2/5,p, =2/n20.6366+ and a, =2/3,8, =22 /m 2= 0. 9003+

are the best possible parameters such that the double inequalities

¢,Clab) + (1 —a DAGM(a.b) < T(a.b) < B,Clab) + (1 —BAGM (a.b) (2)
«,Qa.b) + (1 —a)AGM(a.b) < T(a.b) < B,Q(a-b) + (1 —B)IAGM(a.b) (3)

hold for all a,6>>0 with a7b.
We note the following fact: if R (a.6),R,(a.,b),R(a,b) are means of distinct positive numbers a
and b with R, (a,6)>R,(a,b), then R|:R1 (a.b).R,(a ,b) ] is also a mean and satisfies the inequalities
R,(a,b) <R[R (a,b),R,(a:0)] <R (a,b).
Applying this fact, we can obtain
M (a,b) =Gla,b) <T(A(a,b),G(a, b)) <<Aa,b) =M (a.b) D
for all a ,6>>0 with a54b.
Since
AGM (a ,b) < T[A(a,b),G(a,b)] (5
it follows from the inequalities (1), (4) and (5) that
AGM (a,b) < T[A(a,b),G(a.b)]<<A(a.b) < Q(a,b) << Cla,b)
for all a ,6>0 with a+b.

Motivated by inequalities (2) and (3), in this article we prove several sharp bounds for the Toader-
type mean in terms of Gaussian arithmetic-geometric mean by showing the monotonicity properties for the
combinations of these related means. Specifically, we work out the optimal parametersa s a,» a,» 8,2 f3,»
B, on the interval(0,1)such that the inequalities

a,Cla,b) + 0 —a )AGM(a.b) << T[A(a,b).G(a.b)]<B,Cla,b) + (1 —pBIAGMa,b),
a,Qa b)) + (1 —a)DAGM (a,b) < T[A(a:b),G(a,b)]<<B,Qasb) + (1—B,)AGM (a.b),
a,Alasb) + 1 —a)AGM(a,b) < T[A(a,b),G(a.b)]<<p,Ala,b) + (1—B)IAGM (a.b)
hold for all a ,6>>0 with a#b.
As an application, we provide new estimates for the complete elliptic integral of the second kind: for

all r€(0,1),

T »<l—|—r2 rx—1 1+ | xlx—v2) n(x—2)
() e =il T Ty Y e )

1 &R

1 Preliminaries

In this section, we collect some derivative formulas and known monotonicity results for the complete
elliptic integrals.

The functions x () and e () satisfy following derivative formulas'*
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19

%:efr/zx @ZE*K d(s*r/zfc):
dr 't dr ro dr

The following monotone form of L‘Hopital’s rule (MLHR) stated in Theorem 1. 25 in [ 6] is essential in

; dlk —¢) _re
o dr r

the proof of our main results.
Lemmal (MLHR) Let —co<la<{b<-+co, and f,g:[a,b =R be continuous functions defined on
[a.b] and differentiable in (a,b6) with f(a)=g(a)=0 or f(b)=g (h) =0, and suppose that g’ (x)#0 on

(asb). If [ (x)/g’ (x) is increasing (decreasing, respectively) on (a,b), then so is the function

f(x)/g(a).
Lemma 2 The function
a)g, (r):w is strictly increasing from (0,1) onto <%,OO>
b)%(r):e(r)—r—rz“/c(r) is strictly increasing from (0,1) onto (%,1).
2__ /2 2 2
c)gp.,(r):s ) rl © () is strictly increasing from (0,1) onto (L,l).
3 - 32
2__ 72 2
Do, (r)="° (8) :,ZK((:)) is strictly increasing from (0,1) onto (0,1).
e(r)—r’k
2 2__ "2 2 2
e)%(r)_«/ 1+7r% (e (rr)4 rie (r)?) is strictly increasing from (0,1) onto <%,\/§>
2 __ /2
f)gps(r):<1+r )8(2 r x(r) is strictly decreasing from (0,1) onto (2, +oo).
2 _
g)%(r):(lJrr )s(rf rx(r) is strictly decreasing from (0,1) onto (2,+o0).

r

Proof Part (a)—(d) can be found in [6]. For part (e), it follows from part (c).
For part (f), a simple computation leads to

—4(e —r"%) — rle

o, (r) = - < 0.
Hence, it is derived that ¢ (1) is decreasing on (0,1), and elaborated computation gives
e, (1) =2,
Let
¢, () =0 +rDel) —r/zlc(r),%(r) =,
Then
74,[;1(7’)
¢, (r) _¢2(r)'

A straightforward calculation leads to ¢, (0) =¢, (0) =0. Moreover, by differentiation, we have
¢ (D) 3e(r)

o, A
which is strictly decreasing, and hence so is the function ¢ (+-). Using L'Hopital’s rule, we obtain
¢, ()

limg, () =lim "5 =

For part (g), simple computation leads to

(k —e)— (Tr* —rMHk

5

r

50/7(7’) :4

Let $(r)=4(k—¢)—(Tr' —r' Dk, ¢ (0)=0,¢"(r)=>—3)r’e +3r’ =T r’r"?k, so that ¢ (r) is
decreasing on (0, 1), together with ¢ (0) =0, we have ¢ (»)<C0. Hence, it is derived that ¢ (r) is
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AT

decreasing on (0,1), and elaborated computation gives

@, (1) =2,
Let

¢, (D) =0 +rDeCr) —r"e(r) g, ) =r".
Then
L(r
e, (r) _ZZE”;

A straightforward calculation gives ¢, (0) =¢, (0)=0. Moreover, by differentiation, we have

¢ (D e () + A —3r)(r)

NCD a 47 ’
Using L'Hopital’s rule, we obtain
) RN
lime, () =lim 05 =

2 Toader BIEHH)IE IR

2 Approximations of the Toader-type mean

In this section, we present our main results. For convenience, we list some identities for various

means

TCA b)Y ,Gla b)) =LAl b)e(r)
T
< o T
AGM ) =55 A )
Cla,b)=0+rH)A(a.b)
Qla,b)=V1+r*Ala,b)

where r=(a—0)/(a+0b)€ (0,1).
Theorem 1 The double inequality

(6)

("

(8
(9

a,Clab) + (1 —a DAGM(a.b) < T[A(ab).Gla.b)] < B,Cla k) + (1 —BAGM (a b)

holds for all a ,6=>0 with a7b if and only if @ <0 and g, =>1/x.

Proof Without loss of generality, we assume that a >b6>0. Let r=(a—0)/(a+b) & (0,1). Using

the formulas (6), (7) and (8), we have

2 Aty — T Alab)
T

T(A(a,b),G(a,b))—AGM(a,b): 21 (r)

Clasb) = AGMa.b) A+ rDA b)) — s Ala,b)
2k (r)
2 f1s
;/c(r)s(r)*? ING)
= =D =7
(14 re(r) — = 2

2

where [ (r)=2(r)e(r)/n—n/2, f,(r) =0 +r" )k (r) —x/2. A straightforward calculation leads to

S, =f,(00=0, and

2 _ /2 2 2 _ 4
f/l(r):£€ r) 1;2 k (r) ,f'/z(r):(1+r )s(r22 r /c(r)'

T rr rr

So, we have
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e (N — 7"k (r)?

f/l(r) :z e (P2 — "% ()2 :z ]
f/Z(r) x A+rDe(r) — ") ® A+rDe(r) — 1"k’
-

Combining this with Lemma 2 (¢) and (g), we see that the function /' ()/f,(r) is strictly increasing on

(0,1). Moreover, using L.'Hopital’s rule, we obtain

£ G .Gy 9 1
li - =0, li : == 10
e S M TS B R 10y

Therefore, Theorem 1 follows from (10) together with the monotonicity of f ().

b

Theorem 2 The double inequality
a,QCa b)) + (1 —a)AGM(a,b) < T[A(ab),G(a,b)]<<B,Q(asb)+ (1—B,)AGM (a,b)
holds for all a ,6>>0 with a0 if and only if a,<<0 and ﬁ2>\/§/n.
Proof Without loss of generality, we assume that a>6>0. Let r=(a—5)/(a+b) & (0,1). Using
the formula (6), (7) and (9), we have

éA(a De(r) — = Ala,b)

T(A(a,b),G(a,b))—A(}M(a,b): T 2k (r)
Qla.b) —AGM(a.b) ST A — =T Ala.b)
2k (r)
2 T
;x(r)e(r)—? g (r)
= =g(r) = )’
VIF k() — 5 Ea7

2

where g (1) =2k (r)e(r)/n—n/2,g,(r)=v 1+r? 6 (r) —x/2. A straightforward calculation leads to
g,(0)=g,(0)=0, and

Y C2e(MP—r"t (N, A +rDe) — %k (r)
¢ == T gy = e ),
T rr rr’ i1+t
So, we have
) V1+rie (0D — 1"k (r)?
g, () :£m€ (r?—r"% (r)zzé rt
g, A+rDem) — k() o A+rDer) —rPeGr)

r/l

Combining this with Lemma 2 (e) and (), we see that the function g (r)/g,(r) is strictly increasing on

(0,1). Moreover, using L‘Hopital’s rule, we obtain

g,(r) &8 2 2 2
, == an
=g, (r) w2 T

1141>r01}’ g,(r) -
Therefore, Theorem 2 follows from (11) together with the monotonicity of g ().
Theorem 3 The double inequality
a,Ala,b) + 0 —a,)AGM(a,b) < T[A(asb),G(a,b)] << B,Alasb) 4+ (1 —pBIAGM (a,b)
holds for all a ,6=>0 with a0 if and only if a,<<0 and p,=>2/x.

Proof Without loss of generality, we assume that a=>6>>0. Let r=(a—5b)/(a+b) & (0,1).

2 b 2 T
TG0 Glasb) —AGMGa) _ 7V T e Ty @
Ala,b) —AGM((a ,b) Aad) — " A ()& h, (r)
2k(r) 2

where hl(r):2;c(r)e(r)/7r*rc/2,h2(r):/c(r)*Tt/Z. A straightforward calculation leads to h, (0)=h,
(0)=0, and
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2 _ /2 2 /2
WG _2e r K (r) e e a k(r)

1 s rr rr

So, we have
h/1(r) :z e (N — "% (r)?
R,(r) e —r e

Combining this with Lemma 2 (d) reveals that the function i (r)/h,(r) is strictly increasing on (0,1).

Moreover, using L'Hopital’s rule, we obtain
imhl—m:o,lim W2 (12)
rot b, (r) - h,(r)  x
Therefore, Theorem 3 follows from (12) together with the monotonicity of A ().
Leta=0,8 =1/x,p, :ﬁ/n,ﬁs =2/n. Then Theorem 1,2 and 3 imply the following corollary

immediately.

Corollary The double inequality

2
T

(147 xx—D 1+77  w(x—v2) n(n—2)
4,c<r><€(”<mm( e Nz T e T 4x(r))

holds for all & (0,1).

3 & it

3 Concluding remarks

In this paper, we study the relation between the Toader-type mean and the Gaussian arithmetic-
geometric mean by showing the monotonicity properties for the combinations of these related means.
Specifically, we establish the best possible approximations of the Toader mean of the arithmetic mean and
geometric mean of two positive numbers by terms of some linear combinations of the Gaussian arithmetic-
geometric mean, quadratic mean and contraharmonic mean of these two positive numbers. For some
specific values of the numbers, the derived approximations provide some sharp inequalities between the

complete elliptic integrals of the first and second kinds.

SE Wk
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