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Some properties of the Cassinian metric
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Abstract; In this paper, the authors obtain the upper and lower bounds of the Cassinian metric in the unit disk
and the upper half plane by studying some special formulas of the Cassinian metric. Moreover, they prove the
inequalities between the Cassinian metric and the hyperbolic metric in the unit ball and the upper half space.
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0 Introduction

The study of hyperbolic type metrics is a research topic of the geometric function theory. The
comparison between the classical hyperbolic metric and new hyperbolic type metrics can reveal the
properties of new hyperbolic type metrics well.

In 2009, Ibragimov introduced the Cassinian metric and discussed its geometric properties in [ 1]. The
comparisons between the Cassinian metric and some hyperbolic type metrics were studied in [ 2-6 ]. The
distortion properties of the Cassinian metric under Mobius transformations of the unit ball (punctured unit
ball) onto the unit ball (punctured unit ball) were discussed in [ 2-3]. The growth of the Cassinian metric
under quasiregular mappings of the unit ball onto itself was obtained in [ 4 ].

In this paper, we continue the investigation on the basic properties of the Cassinian metric.
Specifically, we find some formulas for this metric in some special cases and the bounds of this metric in
the unit disk and the upper half plane. In addition, we study the comparisons between the Cassinian metric

and the hyperbolic metric.
1 Preliminaries

The hyperbolic metric in the unit ball B" ={z € R": |z| < 1} and the upper half space H" = {x =

Received date.2020—06—27 Published Online:2020—09—03

Fund item: This research is supported by National Natural Science Foundation of China (NNSFC) (Grant No.11771400 and No.11601485)
and Science Foundation of Zhejiang Sci-Tech University (ZSTU) (Grant No.16062023-Y)

Introduction to the first author; WU Yinping(1995— ), female, Yancheng. Jiangsu, postgraduate, research interests; complex analysis.

Corresponding author: WANG Gendi, E-mail:gendi.wang@zstu.edu.cn



866 wow BT KR % % RAKREEERD 2020 4£ 43 %

(1, ,2,) € R":x, > 0} are defined as follows. By [7, p.40], forx.y € B",
p”,,(x,y): ‘T—y‘
N P S Elk

sinh

and by [7, p.35], for x,y€E H",
ESr

coshp . (x,y) =1+ 2r .y

For a proper subdomain DSR" and for x ,y € D, the Cassinian metric ¢, is defined as (see [1])

c,(xsy) =sup Edul .
v e |z —plly—p

For a proper subdomain D < R" and for x .y € D, the scale invariant Cassinian metric zp is defined as

(see [8])

~ -
rp(‘r,y):1og<1+sup ‘1 ‘ )
v Tae—plly—p

The Euclidean distance from the point x to the boundary 9D is denoted by d (x). In particular, d(x)=1—

| 2| in the unit ball and d (x)=x, in the upper half space.

2 Some basic properties of the Cassinian metric

In [9], the authors studied the formulas in some special cases of 7 -metric and gave the estimate
for 7 -metric in the unit disk and the upper half plane. The definition of ¢ -metric is similar to ¢ -metric. In
this section, we find the special formulas of ¢ -metric in the unit disk and the upper half plane, and
combine them with the geometry of ¢ -metric to obtain the bounds of ¢ -metric.

2. 1 Formulas for special cases

By [9, Lemma 3. 2, Lemma 3. 3], it is easy to see that the following two special formulas of ¢-
metric hold in the unit disk.

Lemma 1 Letx.y € B*\{0} with |z |=|y].

4 | x|?

N < y
a) If |« +y\\1+ BIE then
2| x|
Cp2 (fl'yy):l ‘ ‘Z
, A
b) I ‘1—|—y‘>1+ ‘I‘Z,then
Clgz(l‘yy): ‘J_y‘

T+ [z = ety
Lemma?2 Letx,y € B’ withx =ty, ¢t € Rand |z |< |y].
a) If : =0, then

c . (x,y) = Edmtd

B A—|=Pa—1]yD"
b) If t < 0, then

L'Bz (Iay): “Tiy‘

A+ Jxzpha— |y

By [9, Lemma 3. 11, Lemma 3 127, we obtain two special formulas of ¢ -metric in the upper half plane.
Lemma3 Letx,y € H? and d(x) =d(y) =d.

a) If |[x —y|>2d. then

1
L'HQ (lay) :g.
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b) If |+ —y|<<2d. then

e —y]
4d* + |z —y ¥
Lemma 4 Letx,y € H? with y — x orthogonal to dH?. Then

C e (lay) =

¢ (zay) :M
e d(x)d(y)’
2. 2 Bounds of the Cassinian metric
In [1], Ibragimov gave the following upper and lower bounds of ¢ -metric in general domain.
Theorem 1 [1, Lemma 3. 4, Lemma 3, 5] For all x,y € D\{co}, we have
|z — ] v |z — ] Erd
dx)dx)+ |x—y|) " d)WdG) + |x—xy]|) d(x)(d(x)— |z —y]|)’

under an additional condition |z — y|<C d (x) for the right-hand side of the inequalities.

< ('D(f ,y) <

According to [9, Theorem 3. 6], Lemma 1 and Lemma 2, it is easy to obtain the upper and lower
bounds of ¢ -metric in the unit disk.

Theorem 2 Forx,y € B*, we have

4z +y[P+]z—y]? 4
5 5 < + 1+ 2 2 <4’
.l )>J4I+y“xy“ |« y‘< \1‘+y\‘+\x*y\“)
B2 L a— 4‘ y‘ 1
.
, . 1+ : ) =14
T s T e )

and
4l — ]
C—lz+ty—|z—

¢ (xay) < y‘z,\x+y\+\x*y\<2-

Remark 1 Let
|z — | 4|lx—y|
= d B= - =
A d) —[a—y " @—Jz+yDi—]z—y]
When |2 —y | << d(x), we have

lzt+yl+|la—yl<|aty|+d) <|z|+ |y|+d@) =1+ |y|<2.

Then

_ |z — ] B 4lx— ]
A—|aDA—=|z|=|x—y]) QC—|xz+yD?P—|z—y]|*

Qlz|—|z+y|+]lz—vDhC@—|z+y|—|z—y]+20—|2|)
A—JaphA—=|x]l=|la—yD@=|x+yD?—|z—y|D

A—B

=z =yl

If |x|=|y]|, then
2lx|=letyl+le—yl=lal+ = letyl+[z—yI=le—y[=0.
If |2]< |y, then
2lx|l=latyl+le—yl>lal+ |yl lz+y]>0.
Hence A > B.
Therefore, the upper bound of cz: in Theorem 2 is less than that in Theorem 1.
We give the estimate for ¢ -metric in the upper half plane by [9, Theorem 3. 14], Lemma 3 and
Lemma 4.
Theorem 3 Forax,y € H?, we have
2
d(z)+d(y)’
el
dx)+d(y))>+ |z —y|?

lx—y|>d) +d(y),

C,_,Z(fl'y}/)}
1 |z —y|<d)+dy),
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and
4lx— ]
(d(x)+d(y))*—|z—yl|?

¢ (xsy) < |z —y|<d) +dy.

Remark 2 Let
C_ 4la—y|
Cd@) Fd))t = —y

o .

When |x —y << d(x), we have
A—C= ‘1_3/‘ o 4‘1'—3/‘
d)d) — e —y]) W) +dyN?—|z—y|?
A+ |xe—y|—=d@)@Bd)+dy) — |za—y )
dx)(d(x)— |z —y[Dd @) +dy)?— |z —y|?)

=[x —y]

Since
d(y)_'_ ‘Jiy‘id(x):y”—i_ ‘Iiy‘il‘n 2 ‘1'*3’181 ‘71‘11 20’
we have A = C.

Therefore, the upper bound of ¢ . in Theorem 3 is less than that in Theorem 1.

3 The Cassinian metric and the hyperbolic metric

The comparison between the Cassinian metric and the hyperbolic metric in the unit ball is shown in
[2, Theorem 3. 1]:
. Opr (z,3)
smh# <o (x,y),
while the upper bound of ¢ -metric with respect to p-metric was missing. In this section, we will investigate
the upper bound of ¢y, . Furthermore, we estimate ¢ -metric in terms of p-metric in the upper half space.

The following inequalities will be used in the proofs of the results in this section.

Since

v

2sinhx =e" —e * = < —1, x>0,

together with [ 5, Proof of Theorem 3. 6]
1+ 2sinha =14+e" —e* >=¢e", x>0,

we have
e* —1 < 2sinhax <Ce* —1, 2>=0 (L
By [10, p.23, (2 13)], we have
log(1 4+ 2) << arcsinha << 2log(1+2), x =0 (2)
The well-known Bernoulli inequality reads as [ 5, Proof of Lemma 5. 7]
log(l4+ax) = alog(l+2), 0<<a<l,x =0 (3)
By [ 2, Proof of Lemma 3. 6], we have
log(14+2) > 25—, 20 (4)
2+x

Theorem 4 For all z,y € B" with |z |V |y|=A1. we have

1+ pB,,(I,y)
CB,,(x,y)glixsmh 5

Proof. Without loss of generality, we may assume that A = | x |. Then we have
A—Jz[HA—=Jy[H=VA—=]aDa+][zDA—=]yDA+ ]y <UA—|yDhUA+ |z B
Forx.,y € B", we have
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inf e —plly—pl=d—laha—|yD (6)
peann
Now
L g (20D lx— | |z — |
sinh = >
2 A—lzOd—]y[H A—=lyDa+]zD
1— |z 1—2
> —7..(x, = ca (e y).
/1_._‘1‘63 (x,y) T (x,y)

This completes the proof.[]
By Theorem 4 and (1), we have the following corollary.
Corollary 1 For all z,y € B" with |x |V |y|=21. we have

1 + /1 n ()
¢ (X)) <m(6p” — 1.
Theorem 5 For all z,y € B" with [z |V |y|=21, we have
24+
C o (xsy) < mpgn (x,y).

Proof. By (5), we have

A—Jz[Ha—=Ty[H <1+
By (6), we have
inf [z —p|ly—pl=a—2"%
pEaBn

By (2)—(4), we have

, Ea |z — ]
. (x4y) = 2arcsinh > 210g<1 + )
o A—]zHa—=|y]H A—T«z1Ha—=1y»

2 _
2 2 )> 2‘1 y‘
A=TzDa=T1yD/ T 1+/A=T=1Ha—=]»1D
/2‘1‘*3}‘ 22(1*/\)2
2+ 2+
This completes the proof. []

> \f*y\log(H

C”u (I 9}/).

Remark 3 Let

1+4 ., . 2+x
liksmh? and g(x’/l)_z(lf}t)zll

The comparison between f(x,A) and g(x,4) is changing as x and X take different values, see figure 1.

flx,a) =

function value

Figure 1 The graphs of f(x,1) and g(x,1), when) =0. 3.
Theorem 6 For allx,y € H" with |2 |V |y|[=2aand d(x) A d(y) =y, we have

2 . o (x,) 2 g (X))
gsmh — <o, (x,y) < ;smh T —

Proof. By the definition of the hyperbolic metric in the upper half space and the formula coshx =
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2 sinh? % —+ 1, we have

{()”n(fny)_‘x—y‘
2 \% ‘T”y”
Without loss of generality, we may assume that x, <C y,. By the triangle inequality, we have

inf |z —plly—pl<z.C.+lz—yD <z, x|+ ]z][+ |yD <32z,

pEIHN

D)

2sinh

Then we obtain

_ — n(x9y)
[ — ] >i [z — | —isinhpin

N, T BA Sr.y, 34 2

€ (x,y) =

This proves the first inequality.
For the proof of the second inequality, we observe that

il’lf ‘Iip“yip‘>xnyn7 for I»)’GH”-

pEIHn

By (7), we have

_ . 0,0 (x5Y) o, (xs3)
eyl 1 ezl 2 0 < Zginn
T ndn VTV, AT, X, 2 M 2

Hence the inequalities hold.[]

C Hn (I 9y> <

By Theorem 6 and (1), we have the following corollary.
Corollary 2 For allx,y € H" with |« |V |y|=1and d(x) A d(y) =p. we have

" Caw
1 H w (zey)

. 1
a(e E —l)ch,,(I,y)éz(ep” — 1.

4  Concluding Remark

In order to better understand the Cassinian metric, it is natural to study the formulas in special cases,
the bounds of this metric, and the comparisons between the Cassinian metric and the classical hyperbolic
metric. The formulas in the extreme status are helpful to prove sharp inequalities of the Cassinian metric
under Mobius transformations. The bounds of the Cassinian metric and the relations between this metric
and the hyperbolic metric can be used to study the comparisons between the Cassinian metric and other

hyperbolic type metrics.
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