
浙江理工大学学报(自然科学版),第３９卷,第６期,２０１８年１１月

JournalofZhejiangSciＧTechUniversity(NaturalSciences)

Vol．３９,No．６,Nov．２０１８

DOI:１０．３９６９/j．issn．１６７３Ｇ３８５１(n)．２０１８．０６．０１９

Receiveddate:２０１８－０６－０１　　PublishedOnline:２０１８－０９－０４

Funditem:TheresearchissupportedbyNSFofP．R．China(GrantNo．１１７７１４００)

Introductionofthefirstanothor:GEGengtao(１９８８－),male,Taizhou,mastercandidate,researchinterests:specialfunctions．

Correspondingauthor:QIUSongliang,EＧmail:sl_qiu＠zstu．edu．cn

Adoubleinequalityfortheratioofcomplete
ellipticintegralsofthefirstkind

GEGengtao,QIUSongliang,JIAORenbing
(SchoolofSciences,ZhejiangSciＧTechUniversity,Hangzhou３１００１８,China)

　　Abstract:Inthispaper,theauthorspresentadoubleinequalityfortheratioK(r)/K(r)ofcompleteelliptic
integralsofthefirstkind,inwhichtheupperboundismuchbetterthanthoseknowntous,whiletheproofofthe
lowerboundismuchsimplerthanthatrecentlygivenbyAlzerandRichards．

Keywords:completeellipticintegral;monotonicity;lowerandupperbound;inequality
CLCnumber:O１７４．６　　　　　　　Documentcode:A　　　　　　　ArticleID:１６７３Ｇ３８５１(２０１８)１１Ｇ０７７０Ｇ０６

０　Introduction

Throughoutthispaper,wealwaysletr′＝ １－r２ foreachr∈[０,１]．Asusual,thecompleteelliptic
integralsofthefirstandsecondkindsaredefinedas

K＝K(r)＝∫
π/２

０

１
１－r２sin２t

dt,K′＝K′(r)＝K(r′),０＜r＜１ (１)

and

E＝E(r)＝∫
π/２

０
１－r２sin２tdt,E＝E′(r)＝E(r′),０＜r＜１ (２)

respectively,withK(０)＝E(０)＝π/２,K(１－ )＝∞ andE(１)＝１．ThebasicpropertiesofKandEare
collected,forinstance,in [１]５８９Ｇ５９２and [２Ｇ４]．Itiswellknownthatthesespecialfunctionshavemany
importantapplicationsinmathematics,physicsandengineering．Inparticular,theyplayanimportantrole
inquasiconformaltheory．

Duringthepastdecades,manyauthorshaveobtainedvariouspropertiesforKandE,including
functionalinequalities(cf．[５Ｇ１４])．In[５,Theorem３．１１],forexample,thefollowingdoubleinequality
wasobtained

１
４
１＋r

＜ K(r)
K(r)

＜min{４
２,１/ r′}
４
１＋r

,r∈[０,１] (３)

whileitwasprovedin[６,Theorem１．１]thatthefunctionr
４
１＋rK(r)/K(r)isstrictlyincreasing

from [０,１)onto[１,４
２)．Recently,AlzerandRichardsprovedin[７]thatthedoubleinequality

４
４＋r＜ K(r)

K(r)
＜１ (４)



holdsforr∈(０,１)．However,thesecondinequalityin(４)issharponlyinthesensethatlimr→１K(r)/

K(r)＝１,andtheproofofthefirstinequalityin(４)givenin[７]isquitecomplicated．
Inthispaper,motivatedby(３)and(４),theauthorsintendtorefinetheupperboundin(４),and

simplifytheproofofthefirstinequalityin(４)givenin[７]toagreatextent．Inaddition,weshallshow

somemonotonicitypropertiesofcertaincombinationsintermsofK(r),K(r)andelementaryfunctions．
Ourmainresultsarestatedinthefollowingtheorem．

Theorem１　a)Thefunctionf(r)≡(４＋r)K(r)/K(r)isstrictlyincreasingfrom [０,１)onto[４,５)．

b)Thefunctiong(r)≡(４＋r)K(r)－４K(r)isstrictlyincreasingfrom [０,１)onto[０,∞)．
c)Forallr∈[０,１),

４
４＋r≤ K(r)

K(r)
≤ ４
４＋r＋１

５r
２ (５)

withequalityineachinstanceifandonlyifr＝０．Moreover,thecoefficient１/５inthesecondinequalityin
(５)isthebestpossible．

１　Preliminaries

Inthissection,weprovetwotechnicallemmasneededintheproofsofourmainresultsstatedinlast
section．Inthesequel,wealwaysletNbethesetofnaturalnumbers,put

an＝ Γ(n＋１/２)
Γ(n＋１)[ ]

２
,bn＝Γ(n＋１/２)Γ(２n＋１)

Γ(n＋１)Γ(２n＋１/２),

forn∈N∪{０},whereΓ(x)istheclassicalgammafunction[１]２５５Ｇ２５８,andforn∈N,let
A１＝２０a１－５a０＝０
A２＝４(a０－５a１＋５a２)＝２９π/１６
A２n＋１＝a２n－２＋４a２n－１＋２０a２n＋１－５an

A２n＋２＝２０an＋１－a２n－１－４a２n－２０a２n＋２

ì

î

í

ï
ïï

ï
ïï

(６)

Clearly,a０＝π,a１＝π/４anda２＝９π/６４．

Lemma１　Thesequence{bn}isstrictlyincreasinginn∈Nwithb１＝４/３andlimn→∞bn＝ ２,whilethe
sequence{an}isstrictlydecreasinginn∈Nwithlimn→∞an＝０．Furthermore,forn∈N,

１６/９≤an/a２n≤２ (７)

Proof．　Clearly,b１＝４/３．By[１]２５７,limn→∞bn＝ ２．Itiseasytoverifythat
bn＋１

bn
＝

(n＋１/２)(２n＋２)(２n＋１)
(n＋１)(２n＋３/２)(２n＋１/２)＝１＋ １

１６n２＋１６n＋３＞１,

yieldingthemonotonicityof{bn}．
Clearly,limn→∞an＝０．Sincean＋１/an＝[(２n＋１)/(２n＋２)]２＜１,theresultfor{an}follows．Itiseasy

toshowthatan/a２n＝b２
n．Hence(７)followsfromtheresultfor{bn}．□

Lemma２　Forn∈N,

０＜A２n＋２＜A２n＋１ (８)

Proof．　By(６),A２n＋２＞０ifandonlyif

P１(n)≡ ２０an＋１

a２n－１＋４a２n＋２０a２n＋２
＞１ (９)

Itiseasytoverifythatforn∈N,

an＋１

an
＝ ２n＋１

２(n＋１)[ ]
２
,a２n－１

a２n
＝ ４n

４n－１
æ

è
ç

ö

ø
÷

２
,a２n＋２

a２n
＝

(４n＋３)(４n＋１)
８(n＋１)(２n＋１)[ ]

２
(１０)

By(７)and(１０),wehave
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　　　P１(n)＝ ５[(２n＋１)/(n＋１)]２
[４n/(４n－１)]２＋４＋５{(４n＋３)(４n＋１)/[４(n＋１)(２n＋１)]}２􀅰an

a２n

≥１６
９

􀅰 ５[(２n＋１)/(n＋１)]２
[４n/(４n－１)]２＋４＋５{(４n＋３)(４n＋１)/[４(n＋１)(２n＋１)]}２,

whichisgreaterthan１since

　　　１６
９－

[４n/(４n－１)]２＋４＋５{(４n＋３)(４n＋１)/[４(n＋１)(２n＋１)]}２
５[(２n＋１)/(n＋１)]２

＝９７２８０n６＋９５２３２n５＋６９１２n４－２２５２８n３－９８４０n２＋７２n＋２９９
７２０(４n－１)２(２n＋１)４

＝１０２４n３(９５n３－２２)＋４８n２(１９８４n３－２０５)＋６９１２n４＋７２n＋２９９
７２０(４n－１)２(２n＋１)４ ＞０．

Hencethefirstinequalityin(８)followsfrom (９)．
Next,by(６),wecaneasilyseethatA２n＋２＜A２n＋１ifandonlyif

P２(n)≡ ５an＋２０an＋１

a２n－２＋５a２n－１＋４a２n＋２０a２n＋１＋２０a２n＋２
＜１ (１１)

Itiseasytoshowthat
a２n－２

a２n
＝ ８n(２n－１)

(４n－３)(４n－１)[ ]
２

a２n＋１

a２n
＝ ４n＋１

２(２n＋１)[ ]
２

ì

î

í

ï
ï

ï
ï

(１２)

Forn∈N,letP３(n)＝５＋５[(２n＋１)/(n＋１)]２and

P４(n)＝ ８n(２n－１)
(４n－３)(４n－１)[ ]

２

＋５ ４n
４n－１

æ

è
ç

ö

ø
÷

２

＋４＋５４n＋１
２n＋１

æ

è
ç

ö

ø
÷

２

＋５
(４n＋１)(４n＋３)
４(n＋１)(２n＋１)[ ]

２

．

Thenitfollowsfrom (１０)－(１２)and(７)that

P２(n)＝P３(n)
P４(n)􀅰

an

a２n
≤２P３(n)

P４(n),

andhence,P２(n)＜１foralln∈Nif
P５(n)≡P４(n)－２P３(n)＞０,n∈N (１３)

Bycomputation,wehave
　１６(４n－３)２ (４n－１)２(２n＋１)２(n＋１)２P５(n)

＝２２１１８４n７－９７２８０n６－９３１８４n５＋４３６４８n４－３３７９２n３＋１５５３６n２＋７３９２n－１１７９
＝１０２４n５(２１６n２－９５n－９１)＋１４０８n３(３１n－２４)＋１５５３６n２＋(７３９２n－１１７９)＞０

forn∈N．Hence(１３)reallyholds,sothatA２n＋２＜A２n＋１by(１１)．□

２　ProofofTheorem１

a)Letf１(r)＝(４＋r)/４
１＋randf２(r)＝

４
１＋rK(r)/K(r)forr∈[０,１)．Thenf(r)＝f１(r)f２(r),

f２isstrictlyincreasingfrom [０,１)onto[１,４
２)by[６,Theorem１．１],anditiseasytoprovethatf１is

strictlyincreasingfrom [０,１]onto[４,５４
２

]．Hencetheresultforffollows．

b)Clearly,g(r)＝[f(r)－４]K(r)．Hencetheresultforgfollowsfromparta)．
c)Thefirstinequalityanditsequalitycasein(５)followsfromparta)orpartb)．(Notethatthis

resulthasbeenprovedin[７]byusingaquitecomplicatedmethod．)

Forr∈[０,１),letF a,b;c;r( ) betheGaussianhypergeometricfunction[１]５５６,andh(r)＝１０{[４＋

r２(４＋r)/５]K(r)－(４＋r)K(r)}．By[１]５９１,

K(r)＝ π
２F １

２
,１
２

;１;r２æ

è
ç

ö

ø
÷＝ π

２∑
∞

n＝０

(１/２,n)
n![ ]

２

r２n ＝ １
２∑

∞

n＝０
anr２n,
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bywhichh(r)hasthefollowingpowerseriesexpansion

　　　　　　h(r)＝ (r３＋４r２＋２０)∑
∞

n＝０
anrn －５(４＋r)∑

∞

n＝０
anr２n

＝２０∑
∞

n＝０
anrn ＋４∑

∞

n＝２
an－２rn ＋ ∑

∞

n＝３
an－３rn －５∑

∞

n＝０
anr２n＋１－２０∑

∞

n＝０
anr２n

＝２０∑
∞

n＝２
anrn ＋４∑

∞

n＝２
an－２rn ＋ ∑

∞

n＝３
an－３rn －５∑

∞

n＝１
anr２n＋１－２０∑

∞

n＝１
anr２n

＝A２r２＋ ∑
∞

n＝３

(２０an ＋４an－２＋an－３)rn －５∑
∞

n＝１
anr２n＋１－２０∑

∞

n＝２
anr２n

＝A２r２＋ ∑
∞

n＝１

(A２n＋１－A２n＋２r)r２n＋１ (１４)

SinceA２n＋１－rA２n＋２＞A２n＋１－A２n＋２＞０forr∈[０,１)andn∈NbyLemma２,itfollowsfrom (１４)and
Lemma２that

h(r)≥A２r２＋∑
∞

n＝１

(A２n＋１－A２n＋２)r２n＋１ ≥０ (１５)

withequalityineachinstanceifandonlyifr＝０．Thisyieldsthesecondinequalityin(５)anditsequality
case．

Itiswellknownthat

K(r)＝log４
r′＋O( １－r２( )log１－r２( ) ) (１６)

asr→１[１]５５９．Forr∈[０,１),let
h１(r)＝r－２ K(r)/K(r)－４/(４＋r)( )．

Thenh１(１－ )＝１/５,sincelim
r→１

K(r)/K(r)＝１by(１６)．Thisshowsthattheconstant１/５in(５)isthebest

possible．□

３　ConcludingRemarks

a)Theupperboundgivenin(５)isbetterthaneachofknownupperboundsofK(r)/K(r)givenin
(３)－(４)．Inordertoshowthis,forr∈[０,１),welet

F１(r)＝ ４
４＋r＋１

５r
２,F２ r( )＝ ２

１＋r
æ

è
ç

ö

ø
÷

１/４

andF３(r)＝ １
１＋r( ) １－r２( )[ ]１

/４,

andgivethecomparisonsbetweentheseknownupperboundsofK(r)/K(r)below．
i)Forallr∈[０,１),itisclearthatF２(r)＞１and

１－F１(r)＝r(５＋r)(１－r)
５(４＋r) ＞０,

whichshowsthatF１(r)＜１＜F２(r),andhencetheupperboundgivenin(５)isnotonlybetterthanthat
givenin(４),butalsobetterthanthefirstupperboundgivenin(３)．

ii)OnecanverifythatF１(r)＜F３(r)forallr∈[０,１)．Asamatteroffact,wehave
r－２[６２５(４＋r)４(１＋r)(１－r２)][F３(r)４－F１(r)４]＝r１３＋１７r１２＋１１１r１１＋４１５r１０＋１４４０r９＋４６２４r８＋

９８０８r７＋２１６６４r６＋４６２４０r５＋４３６８０r４＋１０２４００r３＋５８２２５r２＋１００００r＋９２０００＞０．
Hencetheupperboundgivenin(５)isbetterthanthesecondupperboundgivenin(３)．

b)From (１５)andLemma２,weseethatforr∈[０,１),

K(r)
K(r)

≤ ４
４＋r＋１

５r
２－ A２r２

１０(４＋r)K(r)
(１７)

whichisbetterthanthesecondinequalityin(５)．Unfortunately,thethirdtermoftheupperboundin(１７)

containsK(r)．
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c)ItcanbeprovedthatTheorem１canbeextendedtothegeneralizedellipticintegralsKa(r)≡(π/２)

F(a,１－a;１;r２)fora∈[０,１)andr∈[０,１),althoughtheproofofthisextensionismoredifficultthanthat
ofTheorem１．However,Theorem１cannotbeextendedtothezeroＧbalancedhypergeometricfunctions
F(a,b;a＋b;x)forsomevaluesofa∈(０,∞)andb∈(０,∞)．Theseresultswillbegiveninaseparate
paper．

d)Ourcomputationsupportsthevalidityofthefollowingconjecture:Thereexistsauniquenumberr０

＝０．７０６７９􀆺,suchthatthefunction

F(r)≡r－２ (K(r)/K(r)－４/(４＋r))
isstrictlydecreasingon(０,r０]andincreasingon[r０,１),withF(０＋ )＝７/６４,F(１－ )＝１/５andc＝F(r０)＝
inf
０＜r＜１

F(r)≈０．０７８１．Ifthisconjectureistrue,then

４
４＋r＋cr２≤ K(r)

K(r)
≤ ４
４＋r＋１

５r
２ (１８)

forr∈[０,１),withequalityineachinstanceifandonlyifr＝０,andthecoefficientscand１/５in(１８)are
boththebestpossible,thusimprovingthefirstinequalityin(５)．
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第一类完全椭圆积分之商的一个双向不等式
葛耿韬,裘松良,焦仁兵

(浙江理工大学理学院,杭州３１００１８)

摘要:建立了第一类完全椭圆积分的商K(r)/K(r)所满足的一个双向不等式.该不等式给出的上界

小于至今已知的所有上界,而下界的证明则简化了最近由 Alzer和 Richards给出的证明.
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