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Monotonicity and convexity properties of
the Gamma and Psi functions
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Abstract: The authors present several monotonicity and log-convexity properties of the gamma function I'(x),
and some monotonicity and convexity properties of certain combinations defined in terms of I'(x), the psi function
(), ¢ (2) and ¢ (1), by which several known results are improved.
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0 Introduction
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For n€ N={n|n is a positive integer} , let y=Ilim, ... ( E

k=1
denote the Euler-Mascheroni constant and the Riemann zeta function, respectively. Throughout this
paper, we let a=75[28¢(3)+="]/64—75=0.77797+-+, 3=2£(3)/3=0.80137++ and =18 (3—y—logn—
7©*/8)=0.79837:++ As usual, for x,y>>0, the gamma and psi functions are defined as

INED)

INCO I

I(r) = J“}Heﬂdz and ¢(2) = Y log D(2) =
0 dx

respectively (cf. [1-4]).

During the past decades, many authors have obtained various properties for the functions I'(x), ¢(x)
and its derivatives. (Cf.[3],[5]-[ 18] and bibliographies there. ) For example, in [5, Theorem 1.1 and
Lemma 2. 1], some inequalities were obtained for the function f(ax)=ax¢(x+1)—log '(x+1), and it was
proved that g(x)=x* [¢'(x+1)+2¢ (x+1)] is strictly increasing from [0,9°) onto [0,1/2), while the
function x—>g(x)/x is not monotone on (0,22), In [6-7] and [18], several monotonicity properties and
inequalities were obtained for the gamma function I'(x). In [18], it was proved that the function F(z)=
(z+D '[T+D ] (G =+ 1D V[T (x+1)]Y) is strictly decreasing (increasing, respectively)
on[1,90), In [7], it was shown that the function F(G) is strictly decreasing and log-convex(increasing
and log-concave, respectively) on (0,°°) by using complicated methods, and some other properties of
I'(x) were derived. Such kind of studies usually rely on analytic properties of I'(x), ¢(x), ¢ (x), and
those of certain combinations defined in terms of these functions.

The main purpose of this paper is to improve the above-mentioned known conclusions for the functions f,g,

F and G, and some other main results proved in [7], by applying recent results for I'(a), ¢(x) and ¢ (2).
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1  Preliminaries

In the sequel, we shall frequently apply the followmg formulas [1, 6.1.40, 6.4.2 & 6.4.117;:

- 1 BZ/z e
log I'(x) [ jlogx x + log (27r)+2 Sk (h — D (& ) (D
(/J(”)(D:(*l)”ﬂn! C(n+1) (2)
Ny [ (=D n! DV 1 s
g () ~(—1D [ — Tt ]<1 ) (3)

where B, for #€ N are the Bernoulli numbers (see [1, 23.1]).

First, we record the following theorem proved in [ 19, Theorems 1. 1-1. 27] and needed in the proofs of
our results stated in Section 2.

Theorem A. a) For each n € N, the function G, (x)=(—1)"""[n¢™ (x+1) +2¢""" (x+1)] is
completely monotonic on [0,°°), with G,(0)=n! nf(n+1) and G, (=) =0.

b) Let f1(x)=2G, 1 (2)/G,(x) for each n€ N and for t&[0,22). Then for each n€ N and for all x &
[0,20),

/i (O)—O— mf fl ()< f, (r)< sup fi()=nt+1=f (o0) 4

]

c) For x€ (0,20), let fg(x)—x HatDf), where S =x¢(x+1)—log I'(x+1). Then f, is

strictly increasing from (0,°°) onto (x°/12,1). In particular,

ntxt o x°
m<1¢(1+1) log F(1+1)<1‘+1 (5)

for all #€ [0,90), with equality in each instance if and only if x=0.
d) For x€(0,20), let f;(x) =z *(x+D*[2f(x) —2*¢ (x+1D], fi(x)=(x+1) *f;(x), and put
o= mf fz (2). Then f5,(07)=p, f;(1/2) =95, f, is not monotone on (0,°), and f, is strictly

€ (0

decreasmg and convex from (0,°2) onto (0,8). Furthermore,

agf()<8 (6)
c‘(><f3(x)<‘es(ug)fa(x):fg(oo)ZI D)
and
01.1 Co X
~ ~ - < —— 2
PR +1>2 <L2f(2)—2'Y (a+D< = +1) min{1,3(x+1)*} (&

for x€ (0,°°). Each of the equalities in (8) holds if and only if x=0.
Next, we prove the following theorem, which improves [5, Theorem 1.1 & Lemma 2.1].
Theorem 1. Let G, and f be as in Theorem A. For real numbers ¢ and &, define the functions g, ..
and g,,, on (0,20) by
g1.(x)=2 “f(x) and g,,,(2) =2"G,(2),
respectively. Then we have the following conclusions:
a) The function g,. is strictly increasing (decreasing) on (0, o) if and only if a <<1(a =2

respectively), with g, ((0,o0))=(0,1) and gli,g((O,OO)):(O,TrZ/lZ). In particular, for xt€[0,20),
2

\1¢(1+1)*logf‘(1+1)<m1n{ il} (9

Tfl

12¢z+1)
with equality in each instance if and only if x=0.
b) The function g,, is strictly increasing (decreasing) on (0, o2) if and only if b=2(b<0,
respectively) , with g,,([0,20))=[0,1/2) and g,.,([0,22))=(0,n*/6].
Proof: a) Let g, (x)=2"¢/(x+1)/f(x) for € (0,2°). Since f (x) =2/ (x+1)>0, f is strictly
increasing on (0,2°) and f(x)>f(0)=0 for x€ (0,22). By differentiation,
e (D () =g,(x)—a (10)
By [5, Theorem 1.1(4)], we have
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omf g1 (x)=g (e2)=1 and sup g (2)=g,(0")=2 1D
Hence it follows from (10) tlhat o
g (x)<0<:>a>o<§u/p“gl (x)=2
.
81, () =09 inf g (2)=1.
This yields the assertion on the monotonicity of gi.,. o
By I'Hopital’s rule, (2) and (3), we obtain

M f(x>

g1.1 (0" =lim =0, g, (@) =lim™~——=1,
x>0 x>0
1?(0 )_lﬁ(f(f) gb(l)*ﬁ»glz(oo)_lir{lf(r) 0.

The first inequality and the second upper bound in (9) follow from (5), and the first upper bound in
(9) follows from the monotonicity property of g,..,. The equality case in (9) is clear.
b) Clearly, g,.,(0)=0, g,.,(0)=¢ (1) =¢(2)=x"/6 and g,,,(c°) =G, (c©) =0. By (3), we obtain
the limiting value g,.,(o0) = }LmI}Gl (x)=1/2.
Let G, and f,, with n :‘1 , be as in Theorem A. Then by differentiation,
2 g () /G () =b—f1(x) 12
which yields the assertion on the monotonicity of g,,, by Theorem A(2).

2 Some Properties of the Gamma Function

In [7, Theorem 1] ([7, Theorem 27]), it was proved that the function
Fo)=+D [T+t ] (G@=G+1D V[T (x+1D]Y)

is strictly decreasing and strictly log-convex (increasing and log-concave, respectively) on (0,°°). Our
following theorem improves these known conclusions.

Theorem 2. Let ¢, and a be as in Theorem A, and for each c€ R, define the function F on (0,°°) by
F(x)=(x+1D “[T(x+1)]"". Then we have the following conclusions:

a) F is strictly decreasing on (0,22) if and only if ¢==1, with F((0,c0))=(e ',e 7)) if c=1, and
F((0,o0))=(0,e ") if ¢c>1. Moreover, F is log-convex on (0,°°) if and only if c=1.

b) F is strictly increasing on (0,°°) if and only if ¢<<n*/12. If ¢<<n*/12, then F((0,o0))=(e 7,c0),

¢) F is log-concave on (0,22) if and only if ¢<{¢,. In particular, F is log-concave on (0,o0) if ¢<la.

Proof: Let g,.,, f2 and f; be as in Theorem 1, Theorem A(c) and Theorem A(d), respectively. Then
by differentiation, we obtain

F'(2)

— :), ~ - C

F(z) fo:(x)—c¢

F(z)  x+1 (14
iy =D

()= TR (15

a) By (14) and Theorem A(3), for x€ (0,°0),
F'(2)<0=c>f ()&= sup fr(x)=1,
which shows that F is strictly decreasing on (0,°°) if and only if c=1.

It follows from (7) and (13) that
F is log-convex on (0,°0)&h, is strictly increasing on (0,90)&c= sup f3(x)=1.

0<x<eo

It is well know that ¢(1)=—7v (see [1, 6.3.2]). If c=1, then by I'Hépital’s rule and (1),
log F(x+1)j

X

=lim exp (¢(x+1))=¢e/V =¢7",

x>0

F(O+)*11m[f‘(r+1)]1 *=lim exp (

x>0
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log x+log I'(x)

xX

=lim exp (%—lj:eﬂ.

Similarly, if ¢>>1, then F(0")=e¢ ” and
loglJrlog I'(x)

F(W):lim exp (

—Jog (x—i-l)):lim exp ((1+1/2)10g x—x—xlog (J:Jrl)j

xX

(x+1/2)log x—x

X

F(co)=1lim exp

—clog (1:+1)): llm exp ( —clog (1'+1)j

o0

. log.r_ _
—llmexp ((c Dlog 9y lj 0.

b) It follows from (14) and Theorem A(3) that for all & (0,0),

F' () >0 f,(x)Sc<f, (0" ):%,

that is, F is strictly increasing on (0,°°) if and only if c<<n*/12.
Clearly, if ¢c<<x’/12, then F(0")=¢ 7. Since F(c©)=e¢ ! when c=1,

Ma+DY
x+1

¢) It follows from (13), (15) and Theorem A(d) that on (0,°0),
F is log-concave&h, is strictly decreasing®&¢< [ (2)&c<< inf f3(x)=c,.
0<x<loo

F(eo) =lim(x+ 1" »

The remaining conclusion is clear.
The following corollary improves [ 7, Corollaries 1-2].
Corollary 3. For x,y€ (0,0) with y=>x,
1_T(z+1D 1)
H<rarn<(t1)
with equality in each instance if and only if y=x. Moreover, for x€ (0,°0),
hy ()" <<D(x+D<[e "(x+D 17
where h, () =max{e '(z+1), e (xF1)7 0 }.
Proof: It follows from Theorem 2(a)-(b) that
F(1+1)“">F(y+l)1""" and M'(x+1DY ’<F(y+1)l Y ’
w1l vyl (x+D71 " (y+D7e
with equality in each instance if and only if y=x. This yields the double inequality (16) and its equality

(16)

case.

The double inequality (17) follows from Theorem 2(a)-(b).
Remark. Let i, be as in Corollary 3, and hy (x) =¢” '(x+1)! “N2 for x€ (0,90). Then it is clear
that A, is strictly increasing from (0,22) onto (e’ ',22), and
e et D /e 7 (DT ] =hy (2.

Hence there exists a unique number x, € (0,22) such that the function

efy(l‘Jrl)“z"lz, if x€ (0,2,)
hy ()= .
e "(xz+1), if x€E[x,00)

In [ 7, Theorems 4-5], it was proved that the function G(x) =T (x+1)"" is strictly increasing on
(0,°), and H (2) =2"T'(x + 1) is strictly increasing (decreasing) on (0,%0) if =0 (p< —1,
respectively). The following theorem strengthens these results.

Theorem 4. a) The function G(x)=T(x+1)"* is strictly increasing and log-concave from (0,c2)
onto (e 7,00),

b) For each 7€ R, define the function H on (0,°°) by H(x)=x"T'(x+1)"". Then H is strictly
increasing(decreasing) on (0,°°) if and only if =0(yp=<—1, respectively), with H((0,2))=(e ", if
7=0, and H((0,o2))=(1/e,>) if y=—1.
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Proof: a) By logarithmic differentiation, G’ (x)/G(x) =g, (x), where g, is as in Theorem 1. This
yields the monotonicity and log-concavity properties of G by Theorem 1(a).

Clearly, G(0O")=e 7. Applying (1), we can obtain the limiting value G(o0) =00,

b) Let gi.; be as in Theorem 1. Then by logarithmic differentiation, xH' (z)/H (z) =7t+gi.(2), and
hence the assertion on the monotonicity of H follows from Theorem 1(a).

It is clear that H(x) =G(x) if =0. Hence H((0,o0))=(e 7,22) if 5p=0.

If n=—1, then H(x)=G(x)/x, so that H(0")=co, By (1.1), H(co)=¢ !,
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