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０　Introduction

Forn∈N＝{n|nisapositiveinteger},letγ＝limn→∞ ∑
n

k＝１k
－１－logn( )＝０．５７７２１􀆺andζ(s)＝∑

∞

k＝１k
－s

denotetheEulerＧMascheroniconstantandthe Riemannzetafunction,respectively．Throughoutthis
paper,weletα＝７５[２８ζ(３)＋π３]/６４－７５＝０．７７７９７􀆺,β＝２ζ(３)/３＝０．８０１３７􀆺andδ＝１８(３－γ－logπ－
π２/８)＝０．７９８３７􀆺 Asusual,forx,y＞０,thegammaandpsifunctionsaredefinedas

Γ(x)＝∫
∞

０
tx－１e－tdtandψ(x)＝ d

dxlogΓ(x)＝Γ′(x)
Γ(x),

respectively(cf．[１Ｇ４])．
Duringthepastdecades,manyauthorshaveobtainedvariouspropertiesforthefunctionsΓ(x),ψ(x)

anditsderivatives．(Cf．[３],[５]Ｇ[１８]andbibliographiesthere．)Forexample,in[５,Theorem１．１and
Lemma２．１],someinequalitieswereobtainedforthefunctionf(x)≡xψ(x＋１)－logΓ(x＋１),anditwas
provedthatg(x)≡x２ [ψ′(x＋１)＋xψ″(x＋１)]isstrictlyincreasingfrom [０,∞)onto[０,１/２),whilethe
functionx→g(x)/xisnotmonotoneon(０,∞)．In[６Ｇ７]and[１８],severalmonotonicitypropertiesand
inequalitieswereobtainedforthegammafunctionΓ(x)．In[１８],itwasprovedthatthefunctionF(x)≡
(x＋１)－１[Γ(x＋１)]１/x(G(x)≡(x＋１)－１/２[Γ(x＋１)]１/x)isstrictlydecreasing(increasing,respectively)
on[１,∞)．In[７],itwasshownthatthefunctionF(G)isstrictlydecreasingandlogＧconvex(increasing
andlogＧconcave,respectively)on (０,∞)byusingcomplicatedmethods,andsomeotherpropertiesof
Γ(x)werederived．SuchkindofstudiesusuallyrelyonanalyticpropertiesofΓ(x),ψ(x),ψ

(n)(x),and
thoseofcertaincombinationsdefinedintermsofthesefunctions．

ThemainpurposeofthispaperistoimprovetheaboveＧmentionedknownconclusionsforthefunctionsf,g,
FandG,andsomeothermainresultsprovedin[７],byapplyingrecentresultsforΓ(x),ψ(x)andψ

(n)(x)．



１　Preliminaries

Inthesequel,weshallfrequentlyapplythefollowingformulas[１,６．１．４０,６．４．２&６．４．１１]:

logΓ(x)~ x－１
２

æ

è
ç

ö

ø
÷logx－x＋１

２log(２π)＋∑
∞

k＝１

B２k

２k(２k－１)x２k－１(x→ ∞) (１)

ψ
(n)(１)＝(－１)n＋１n!ζ(n＋１) (２)

ψ
(n)(x)~(－１)n＋１ [

(n－１)!
xn ＋ n!

２xn＋１＋
(n＋１)!
１２xn＋２ ＋􀆺 ] (x→∞) (３)

whereB２kfork∈NaretheBernoullinumbers(see[１,２３．１])．
First,werecordthefollowingtheoremprovedin[１９,Theorems１．１Ｇ１．２]andneededintheproofsof

ourresultsstatedinSection２．
TheoremA．　a)Foreachn∈N,thefunctionGn(x)≡(－１)n＋１[nψ

(n)(x＋１)＋xψ
(n＋１)(x＋１)]is

completelymonotonicon[０,∞),withGn(０)＝n! nζ(n＋１)andGn(∞)＝０．
b)Letf１(x)＝xGn＋１(x)/Gn(x)foreachn∈Nandforx∈[０,∞)．Thenforeachn∈Nandforallx∈

[０,∞),

f１(０)＝０＝ inf
０≤x＜∞

f１(x)≤f１(x)＜ sup
０≤x＜∞

f１(x)＝n＋１＝f１(∞) (４)

c)Forx∈(０,∞),letf２(x)≡x－２(x＋１)f(x),wheref(x)＝xψ(x＋１)－logΓ(x＋１)．Thenf２is
strictlyincreasingfrom (０,∞)onto(π２/１２,１)．Inparticular,

π２x２

１２(x＋１)≤xψ(x＋１)－logΓ(x＋１)≤ x２

x＋１
(５)

forallx∈[０,∞),withequalityineachinstanceifandonlyifx＝０．
d)Forx∈(０,∞),letf３(x)＝x－３(x＋１)２[２f(x)－x２ψ′(x＋１)],f４(x)＝(x＋１)－２f３(x),andput

c０＝ inf
x∈(０,∞)

f３(x)．Thenf３(０＋ )＝β,f３(１/２)＝δ,f３isnotmonotoneon (０,∞),andf４isstrictly

decreasingandconvexfrom (０,∞)onto(０,β)．Furthermore,
α≤c０＜δ (６)

c０≤f３(x)＜ sup
x∈(０,∞)

f３(x)＝f３(∞)＝１ (７)

and
αx３

(x＋１)２≤ c０x３

(x＋１)２≤２f(x)－x２ψ′(x＋１)≤ x３

(x＋１)２min{１,β(x＋１)２} (８)

forx∈(０,∞)．Eachoftheequalitiesin(８)holdsifandonlyifx＝０．
Next,weprovethefollowingtheorem,whichimproves[５,Theorem１．１& Lemma２．１]．
Theorem１．　LetGnandfbeasinTheorem A．Forrealnumbersaandb,definethefunctionsg１,a

andg２,bon(０,∞)by
g１,a(x)＝x－af(x)andg２,b(x)＝xbG１(x),

respectively．Thenwehavethefollowingconclusions:
a)Thefunctiong１,a isstrictlyincreasing(decreasing)on (０,∞)ifandonlyifa≤１(a≥２,

respectively),withg１,１((０,∞))＝(０,１)andg１,２((０,∞))＝(０,π２/１２)．Inparticular,forx∈[０,∞),

π２x２

１２(x＋１)≤xψ(x＋１)－logΓ(x＋１)≤min π２

１２x
２,x２

x＋１{ } (９)

withequalityineachinstanceifandonlyifx＝０．
b)Thefunctiong２,bisstrictlyincreasing (decreasing)on (０,∞)ifandonlyifb≥２(b≤０,

respectively),withg２,２([０,∞))＝[０,１/２)andg２,０([０,∞))＝(０,π２/６]．
Proof:a)Letg１(x)＝x２ψ′(x＋１)/f(x)forx∈(０,∞)．Sincef′(x)＝xψ′(x＋１)＞０,fisstrictly

increasingon(０,∞)andf(x)＞f(０)＝０forx∈(０,∞)．Bydifferentiation,
xa＋１g′１,a(x)/f(x)＝g１(x)－a (１０)

By[５,Theorem１．１(４)],wehave
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inf
０＜x＜∞

g１(x)＝g１(∞)＝１and sup
０＜x＜∞

g１(x)＝g１(０＋ )＝２ (１１)

Henceitfollowsfrom (１０)that
g′１,a(x)≤０⇔a≥ sup

０＜x＜∞
g１(x)＝２

and
g′１,a(x)≥０⇔a≤ inf

０＜x＜∞
g１(x)＝１．

Thisyieldstheassertiononthemonotonicityofg１,a．
Byl􀆳Hôpital􀆳srule,(２)and(３),weobtain

g１,１(０＋ )＝lim
x→０

f(x)
x ＝０,g１,１(∞)＝lim

x→∞

f(x)
x ＝１,

g１,２(０＋ )＝lim
x→０

f(x)
x２ ＝１

２ψ′(１)＝π２

１２
,g１,２(∞)＝lim

x→∞

f(x)
x ＝０．

Thefirstinequalityandthesecondupperboundin(９)followfrom (５),andthefirstupperboundin
(９)followsfromthemonotonicitypropertyofg１,２．Theequalitycasein(９)isclear．

b)Clearly,g２,２(０)＝０,g２,０(０)＝ψ′(１)＝ζ(２)＝π２/６andg２,０(∞)＝G１(∞)＝０．By(３),weobtain
thelimitingvalueg２,２(∞)＝lim

x→∞
x２G１(x)＝１/２．

LetG１andf１,withn＝１,beasinTheoremA．Thenbydifferentiation,
x１－bg′２,b(x)/G１(x)＝b－f１(x) (１２)

whichyieldstheassertiononthemonotonicityofg２,bbyTheoremA(２)．

２　SomePropertiesoftheGammaFunction

In[７,Theorem１]([７,Theorem２]),itwasprovedthatthefunction
F(x)≡(x＋１)－１[Γ(x＋１)]１/x(G(x)≡(x＋１)－１/２[Γ(x＋１)]１/x)

isstrictlydecreasingandstrictlylogＧconvex(increasingandlogＧconcave,respectively)on (０,∞)．Our
followingtheoremimprovestheseknownconclusions．

Theorem２．　Letc０andαbeasinTheoremA,andforeachc∈R,definethefunctionFon(０,∞)by
F(x)＝(x＋１)－c[Γ(x＋１)]１/x．Thenwehavethefollowingconclusions:

a)Fisstrictlydecreasingon(０,∞)ifandonlyifc≥１,withF((０,∞))＝(e－１,e－γ)ifc＝１,and
F((０,∞))＝(０,e－γ)ifc＞１．Moreover,FislogＧconvexon(０,∞)ifandonlyifc≥１．

b)Fisstrictlyincreasingon(０,∞)ifandonlyifc≤π２/１２．Ifc≤π２/１２,thenF((０,∞))＝(e－γ,∞)．
c)FislogＧconcaveon(０,∞)ifandonlyifc≤c０．Inparticular,FislogＧconcaveon(０,∞)ifc≤α．
Proof:Letg１,２,f２andf３beasinTheorem１,TheoremA(c)andTheoremA(d),respectively．Then

bydifferentiation,weobtain
F′(x)
F(x)＝h１(x)≡g１,２(x)－ c

x＋１
(１３)

F′(x)
F(x)＝f２(x)－c

x＋１
(１４)

h′１(x)＝c－f３(x)
(x＋１)２ (１５)

a)By(１４)andTheoremA(３),forx∈(０,∞),
F′(x)＜０⇔c＞f２(x)⇔c≥ sup

０＜x＜∞
f２(x)＝１,

whichshowsthatFisstrictlydecreasingon(０,∞)ifandonlyifc≥１．
Itfollowsfrom (７)and(１３)that

FislogＧconvexon(０,∞)⇔h１isstrictlyincreasingon(０,∞)⇔c≥ sup
０＜x＜∞

f３(x)＝１．

Itiswellknowthatψ(１)＝－γ(see[１,６．３．２])．Ifc＝１,thenbyl􀆳Hôpital􀆳sruleand(１),

F(０＋ )＝lim
x→０

[Γ(x＋１)]１/x＝lim
x→０

exp logΓ(x＋１)
x

æ

è
ç

ö

ø
÷＝lim

x→０
exp(ψ(x＋１))＝eψ(１)＝e－γ,
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F(∞)＝lim
x→∞

exp logx＋logΓ(x)
x －log(x＋１)æ

è
ç

ö

ø
÷＝lim

x→∞
exp

(x＋１/２)logx－x－xlog(x＋１)
x

æ

è
ç

ö

ø
÷

＝lim
x→∞

exp logx
２x －１æ

è
ç

ö

ø
÷＝e－１．

Similarly,ifc＞１,thenF(０＋ )＝e－γand

F(∞)＝lim
x→∞

exp logx＋logΓ(x)
x －clog(x＋１)æ

è
ç

ö

ø
÷＝lim

x→∞
exp

(x＋１/２)logx－x
x －clog(x＋１)æ

è
ç

ö

ø
÷

＝lim
x→∞

exp (c－１)log１
x＋logx

２x －１æ

è
ç

ö

ø
÷＝０．

b)Itfollowsfrom (１４)andTheoremA(３)thatforallx∈(０,∞),

F′(x)＞０⇔c＜f２(x)⇔c≤f２(０＋ )＝π２

１２
,

thatis,Fisstrictlyincreasingon(０,∞)ifandonlyifc≤π２/１２．
Clearly,ifc≤π２/１２,thenF(０＋ )＝e－γ．SinceF(∞)＝e－１ whenc＝１,

F(∞)＝lim
x→∞

(x＋１)１－c􀅰Γ(x＋１)１/x
x＋１ ＝∞．

c)Itfollowsfrom (１３),(１５)andTheoremA(d)thaton(０,∞),
FislogＧconcave⇔h１isstrictlydecreasing⇔c≤f３(x)⇔c≤ inf

０＜x＜∞
f３(x)＝c０．

Theremainingconclusionisclear．
Thefollowingcorollaryimproves[７,Corollaries１Ｇ２]．
Corollary３．　Forx,y∈(０,∞)withy≥x,

x＋１
y＋１≤Γ(x＋１)１/x

Γ(y＋１)１/y≤ x＋１
y＋１

æ

è
ç

ö

ø
÷

π２/１２
(１６)

withequalityineachinstanceifandonlyify＝x．Moreover,forx∈(０,∞),
h２(x)x＜Γ(x＋１)＜[e－γ(x＋１)]x (１７)

whereh２(x)＝max{e－１(x＋１),e－γ(x＋１)π２/１２}．
Proof:ItfollowsfromTheorem２(a)Ｇ(b)that

Γ(x＋１)１/x
x＋１ ≥Γ(y＋１)１/y

y＋１ andΓ(x＋１)１/x

(x＋１)π２/１２
≤Γ(y＋１)１/y

(y＋１)π２/１２
,

withequalityineachinstanceifandonlyify＝x．Thisyieldsthedoubleinequality(１６)anditsequality
case．

Thedoubleinequality(１７)followsfromTheorem２(a)Ｇ(b)．

Remark．　Leth２beasinCorollary３,andh３(x)＝eγ－１(x＋１)１－π２/１２forx∈(０,∞)．Thenitisclear
thath３isstrictlyincreasingfrom (０,∞)onto(eγ－１,∞),and

e－１(x＋１)/[e－γ(x＋１)π２/１２]＝h３(x)．
Hencethereexistsauniquenumberx１∈(０,∞)suchthatthefunction

h２(x)＝
e－γ(x＋１)π２/１２, ifx∈(０,x１)

e－１(x＋１), ifx∈[x１,∞){ ．

In[７,Theorems４Ｇ５],itwasprovedthatthefunctionG(x)≡Γ(x＋１)１/xisstrictlyincreasingon
(０,∞),andH (x)≡xηΓ(x＋１)１/xisstrictlyincreasing (decreasing)on (０,∞)ifη≥０(η≤ －１,
respectively)．Thefollowingtheoremstrengthenstheseresults．

Theorem４．　a)ThefunctionG(x)≡Γ(x＋１)１/xisstrictlyincreasingandlogＧconcavefrom (０,∞)
onto(e－γ,∞)．

b)Foreachη∈R,definethefunctionH on(０,∞)byH(x)≡xηΓ(x＋１)１/x．ThenHisstrictly
increasing(decreasing)on(０,∞)ifandonlyifη≥０(η≤－１,respectively),withH((０,∞))＝(e－γ,∞)if
η＝０,andH((０,∞))＝(１/e,∞)ifη＝－１．
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Proof:a)Bylogarithmicdifferentiation,G′(x)/G(x)＝g１,２(x),whereg１,２isasinTheorem１．This
yieldsthemonotonicityandlogＧconcavitypropertiesofGbyTheorem１(a)．

Clearly,G(０＋ )＝e－γ．Applying(１),wecanobtainthelimitingvalueG(∞)＝∞．
b)Letg１,１beasinTheorem１．Thenbylogarithmicdifferentiation,xH′(x)/H(x)＝η＋g１,１(x),and

hencetheassertiononthemonotonicityofHfollowsfromTheorem１(a)．
ItisclearthatH(x)＝G(x)ifη＝０．HenceH((０,∞))＝(e－γ,∞)ifη＝０．
Ifη＝－１,thenH(x)＝G(x)/x,sothatH(０＋ )＝∞．By(１．１),H(∞)＝e－１．
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Gamma函数和Psi函数的单调性与凹凸性
裘松良,蔡传宇

(浙江理工大学理学院,杭州３１００１８)

摘要:给出了gamma函数 Γ(x)的几个单调性和对数Ｇ凹凸性,以及由 Γ(x)、psi函数ψ(x)及其导数

ψ′(x)和ψ″(x)定义的某种组合的单调性与凹凸性,并运用这些结果实质性地改进了关于 Γ(x)和ψ(x)的几

个已知结果.
关键词:gamma函数;psi函数;单调性;凹凸性;不等式
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