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,
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、
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言

一元

Szasz-Mirak

j

an

算子定义为

:

       

S

n

(

f

;

x

)

=

∑

∞

k

=

0

f

k

( )

n

P
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,

k

(

x

),
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e
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(
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k

k

!

,

x
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n
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(

1

)

一元

Szasz

型算子线性组合的点态逼近问题

[

1

]

,

以及多元

Szasz-Mirak

j

an

算子的一致逼近问题

[

2

]

,

已有

较为深人的研究

,

并取得相应的逼近结论

。

然而关于该算子多元情形的线性组合的研究却很少

。

本文旨在作这方面的尝试

。

为方便计

,

仅限于讨论二元情形

,

其余多元情形可类似讨论

。

文中将二元

Szasz-Mirak

j

an

算子
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其线性组合可
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定义为
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m
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N

,

且

n

i
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m
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及

C
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,

j

(
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k

,

C

,

k
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k
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如上定义的线性组合是唯一存在的

[

3

]

。

本文将建立这类二元

Szasz-Mirak

j

an

算子线性组合逼近的正逆定理

,

从而给出如下等价关系
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这里设
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Sobolev
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引

 

理

为证明本文的主要结论

,

需要先证明下列引理

:

引理

1.1
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       ‖
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有关而与
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无关的常数

,
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为绝对常数

(
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证明

 

由文献

[
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]

引理

1

知

:

‖

S

n

i

,

m

j

(

f

;

x

,

y

)

‖≤

M

‖

f

‖

,

又由式

(

3

)
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从而引理

1.1

得证

。
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(
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)
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(
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由关系式

[

1

]

,

P

(

s

)

n

i

,
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=

∑
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+
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≤

s
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,

b

,
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(
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—
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i

x

)

s

—

2a

—

b

x

a

—

s

n

a

i

P

n

i

,

k

(

x

)

其中

l

≤

0

,

m

≤

0

且为整数

,
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,

b

,

s

为与

k

及

x

无关

,

关于

n

i

一致有界的常数

。
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∞

k
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0

︱

Φ

s

(

x

)

P

(

s

)

n
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(
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0

∑
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s

︱
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—

n

i

x

︱

s

—

2a

—

b

x

a

—

s

2

n

a

i

P

n

i

,

k

(

x

)

=

C

∑

2a

+

b

≤

s

x

a

—

s

2

n

a

i

∑

∞

k

=

0

︱

k

—

n

i

x

︱
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—
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—

b

P

n

i

,

k

(

x

)

=

C

∑
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+
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≤

s

x
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s

2

S

n

i

(

︱
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—

x

︱
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—
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—
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;

x
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注意到文献

[
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]

S

n
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t
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x

)
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∑
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0

qi

,

m

x

n

( )

i

m

—

i

n

—

2i

i

,

m

∈

N

028

              

浙

 

江

 

理

 

工

 

大

 

学

 

学

 

报

2011

年

 

第

28

卷



此处

qi

,

m

与

x

无关

,

关于

n

i

一致有界

。

所以

S

n

((

t—x

)

2m

;

x

)

≤

C

x

( )

n

m

。

于是由

Cauch

y

-Schwartz

不等式

       

∑

∞

k

=

0

︱

Φ

s

(

x

)

P

(

s

)

n

i

,

k

(

x

)

︱

≤

C

∑

2a

+

b

≤

s

x

a

—

s

2

S

n

i

(

︱

t

—

x

︱

2s

—

4a

—

2b

;

x

)

1

2

≤

C

∑

2a

+

b

≤

s

(

n

i

x

)

—

b

2

n

s

2

i

≤

C

.

n

s

2

i

同理可证

       

∑

∞

k

=

0

︱

Φ

2r

—

s

(

y

)

P

(

2r

—

s

)

m

j

,

k

(

y

)

︱

≤

C

.

m

2r

—

s

2

j

所以有

Φ

2r

.

ａ

2r

ａ

x

s

ａ

y

2r—s

S

n

i

,

m

j

(

f

;

x

,

y

)

≤

M

r

m

2r—s

2

j

n

s

2

i

‖

f

‖

当

0

≤

x

<

1

n

时

,

利用

Z.DitzianV.Totik

文献

[

4

]

中相同的方法可以证明

       

Φ

2r

.

ａ

2r

ａ

x

s

ａ

y

2r—s

S

n

i

,

m

j

(

f

;

x

,

y

)

≤

M

r

n

r

i

‖

f

‖

从而

       

Φ

2r

.

ａ

2r

ａ

x

k

ａ

y

2r—k

S

n

i

,

m

j

(

f

;

x

,

y

)

≤

M

r

n

r

‖

f

‖

故引理结论成立

。

引理

1.3

 

设

f

∈

D

,

则有

       ‖

N

(

S

n

,

m

(

f

,

r

;

x

,

y

))

‖≤

M

r

.

N

(

f

) (

9

)

证明

 

利用

Ta

y

lor

公式

:

       

f

(

u

;

v

)

=

∑

2r

—

1

h

=

0

1

h

!

(

u

—

x

)

ａ

ａ

x

+

(

v

—

y

)

ａ

ａ

[ ]

y

h

f

(

x

,

y

)

+

R

2r

(

f

,

x

,

y

,

u

,

v

) (

10

)

其中

       

R

2r

(

f

,

x

,

y

,

u

,

v

)

=

1

(

2r

—

1

)!

∫

1

0

(

u

—

x

)

ａ

ａ

x

+

(

v

—

y

)

ａ

ａ

[ ]

y

2r

f

([

x

+

t

(

u

—

x

),

y

+

t

(

v

—

y

)](

1

—

t

)

2r

—

1

dt

从而得

Φ

s

(

x

)

.

Φ

2r

—

s

(

y

)

ａ

2r

ａ

x

s

ａ

y

2r

—

s

S

n

i

,

m

j

(

f

;

x

,

y
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=

∑

∞

k

=

0

∑

∞

l

=

0

∑

2r

—

1

h

=

0

1

h

!

k

n

i

—
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x

ａ

ａ

x

+

l

m

j
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y

ａ

ａ

[ ]

y

h

f

(

x

,

y

)

P

(

s

)

n

i

,

k

(

x

)

P

(

2r

—

s

)

m

j

,

l

(

y

)

Φ

s

(

x

)

Φ

2r

—

s

(

y

)

+

∑

∞

k

=

0

∑

∞

l

=

0

R

2r

(

f

,

x

,

y

,

u

,

v

)

P

(

s

)

n

i

,

k

(

x

)

P

(

2r

—

s

)

m

j

,

l

(

y

)

Φ

s

(

x

)

Φ

2r

—

s

(

y

)

=

:

I

+

J

    

I

=

∑

∞

k

=

0

∑

∞

l

=

0

∑

2r

—

1

h

=

0

1

h

!

∑

h

τ

=

0

h

()

τ

ａ

h

f

(

x

,

y

)

ａ

x

τ

ａ

y

h

—

τ

k

n

i

—
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x

τ

l

m

j

—

( )

y

h

—

τ

P

(

s

)

n

i

,

k

(

x

)

P

(

2r

—

s

)

m

j

,

l

(

y

)

Φ

s

(

x

)

Φ

2r

—

s

(

y

)

=

∑

2r

—

1

h

=

0

1

h

!

∑

h

τ

=

0

h

()

τ

ａ

h

f

(
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—

τ

∑

∞
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x

τ
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(
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∞
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—
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τ

P

(
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—

s

)

m

j

,

l

(

y

)

Φ

2r

—

s

(

y

)

因为

τ<

s

与
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τ<

2r—s

必有一式成立

所以

∑

∞

k

=

0

k

n

i

—
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x

τ

P

(

s

)

n

i

,

k

(

x
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(
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∑

∞
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l
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τ

P

(
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—

s

)

m
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,

l

(

y

)

Φ
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—

s

(

y

)

=

0

必有一式成立
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即
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︱=

∑
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=
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∞
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=
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(
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∫
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ａ

[ ]

y

2r

f

x

+

t

k

n

i

—
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l
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—
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—
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(
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(
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(
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)
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(
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Φ
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=
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1

(

2r
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)!

∑

2r

τ

=

0

2r

( )

τ

∫

1
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ａ

2r

f
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x

τ
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—
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∑

∞
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(
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(
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∑

∞
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0

l

m

j

—
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y
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—

τ

P

(

2r

—

s

)

m

j

,

l

(

y

)

Φ

2r

—

s

(

y

)

≤

C

∑

2r

l

=

0

ａ

2r

f

ａ

x

τ

ａ

y

2r

—

τ

∑

2r

τ

=

0

∑

∞

k

=

0

k

n

i

—

( )

x

τ

P

(

s

)

n

i

,

k

(

x

)

Φ

s

(

x

)

∑

∞

l

=

0

l

m

j

—

( )

y

2r

—

τ

P

(

2r

—

s

)

m

j

,

l

(

y

)

Φ

2r

—

s

(

y

)

设

A

i

,

j

(

n

,

x

)

=

∑

∞

k

=

0

k

n

—

( )

x

j

P

(

i

)

n

,

k

(

x

)

Φ

i

(

x

)。

则当

x

>

1

n

时

,

S

(

i

)

n

,

k

=

∑

2a

+

b

≤

i
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,

b

,

i

(

k

—
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)

i

—

2a

—

b

x

a

—

i

n

a

P

n

,

k

(

x

),

其中

l

≥

0

,

m

≥

0

且为整数

,

qa

,

b

,

s

与

k

及

x

无关

,

关于

n

一致有界

。

从而

       

A

i

,
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(

n

,
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)

=

∑

∞
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∑
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+
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≤
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—
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—
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—
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∑
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∞
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=
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—
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x
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+
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—
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—

b

P
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(
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∞
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—
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b

P
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≤
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x
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(

i
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—

b

)

2

,

则

A

i

,

j

(

n

,

x

)

≤
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j

2

n

i
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2

从而可得
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∞
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=
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k

n

i

—
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n
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∞
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(
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Φ
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2
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(
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ａ
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∑
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(
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2
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∑
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(
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≤
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N

(
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故式

(

9

)

成立

。

引理

1.4

 

设

f

∈

D

,

则有

       

S

n

,
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(
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,

r

;

x

,
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—

f

(
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,

y

)

≤

M
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.
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(
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证明

 

由式

(

3

)
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(
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x

,

y

)

=

∑
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∞
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∑
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∑
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P
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=
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Φ

τ

(
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∑
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(
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≤
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引理
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主要结果的证明
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≤

S

n

,

m

(

f

—

g

,

r

;

x

,

y

)

—

(

f

—

g

)

+

f

—

g

+ S

n

,

m

(

g

,

r

;

x

,

y

)

—

  

g

(

x

,

y

)

≤
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(

Φ

f

(

,

n

—

)

1

2

2

)

r

～

M

r

ω

2r

(

Φ

f

,

n

—

)

1

2

定理

2.2

(
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