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０　IntroductionandMainResults

Forx,y＞０,thegamma,betaandpsifunctionsaredefinedas

Γ(x)＝∫
∞

０
tx－１e－tdt,B(x,y)＝Γ(x)Γ(y)

Γ(x＋y),ψ(x)＝Γ′(x)
Γ(x) (１)

respectively．Fortheirbasicproperties,thereaderisreferredto [１Ｇ４]．Hereweonlyrecordfollowing
formulasappliedfrequentlyinthesequel,(cf．[１,６．３．５,６．３．７,６．３．１６,６．４．１０,６．３．２２&６．１．１７],
respectively):

ψ(１－x)－ψ(x)＝πcot(πx), (２)

ψ(x)＋１
x ＝ψ(１＋x)＝－γ＋∑

∞

n＝１

x
n(n＋x), (３)

ψ
(n)(x)＝ (－１)n＋１n!∑

∞

k＝０

１
(k＋x)n＋１, (４)

ψ(x)＋γ＝∫
１

０

１－tx－１

１－tdt, π
sin(πx)＝∫

∞

０

tx－１

１＋tdt． (５)

ThesoＧcalledRamanujanconstantR(a)isdefinedby
R(a)≡－２γ－ψ(a)－ψ(１－a)． (６)

fora∈(０,１),whereγ＝０．５７７２１５６６４９􀆺istheEulerconstant．Bythesymmetry,wecanassumethata∈
(０,１/２]in(６)．ItiswellknownthatR(a)isessentialnotonlyinthestudyofthegeneralizedelliptic
integralsandthetheoryofRamanujan􀆳smodularequations,butalsoinsomeotherfieldsofmathematics
suchasquasiconformaltheory．(See[１－３ & ５－１１]．)Someauthorshaveobtainedvariousanalytic
propertiesandfunctionalinequalitiesforthisfunction．(Cf．[３,５ & ８Ｇ１３]．)Ontheotherhand,the



functionsR(a)and
B(a)≡B(a,１－a)＝Γ(a)Γ(１－a)＝π/sin(πa) (７)

oftensimultaneouslyappearintherelatedstudies,andwehavetorevealtherelationsbetweenR(a)and
B(a)．

Themainpurposeofthispaperistoshowthe monotonicityandconvexitypropertiesofcertain
combinationsdefinedintermsofR(a),B(a)andsomeelementaryfunctions,andtoobtainasymptotically
sharplowerandupperboundsforR(a)－B(a)．Bytheseresults,severalcomparisonsbetweenR(a)and
B(a)arepresented,andsomeknownrelatedresultsareimproved．

Throughoutthispaper,welet

α＝log１６
π ＝０．８８２５􀆺,β＝２π－８log２＝０．７３８０􀆺,δ＝π２

６ ＝１．６４４９．．．,η＝δ－β＝０．９０６９􀆺,

andletζ(s)＝∑
∞

k＝１k
－sdenotetheRiemannzetafunctionasusual,withRes＞１．Wenowstatethemain

resultsofthispaperbelow．
Theorem１　 a)Thefunctionf(x)≡ R(x)/B(x)isstrictlydecreasingfrom (０,１/２]onto[α,１)．

However,fisneitherconvexnorconcaveon(０,１/２]．
b)Forc∈ (０,∞),letg(x)＝R(x)－cB(x)．Thengisstrictlydecreasingon(０,１/２]ifandonlyif

c≤１,andgisconvexon(０,１/２]ifandonlyifc≤１,withg((０,１/２])＝ [log１６－cπ,∞)ifc＜１,and
g((０,１/２])＝[－β/２,０)ifc＝１．Moreover,forc∈(０,１]andn∈N,g(２n)isstrictlydecreasingandconvex
on(０,１/２],whileg(２n－１)isstrictlyincreasingandconcaveon(０,１/２]．However,if１＜c＜２８ζ(３)/π３,

thengisnotmonotoneon(０,１/２]．
c)Ifc＝α,thenthefunctionh(x)≡g(x)/(１－２x)２isstrictlydecreasingandconvexfrom (０,１/２)

onto([７ζ(３)－π２log２]/２,∞)．Inparticular,forx∈ (０,１/２],

R(x)≥αB(x)＋１
２

[７ζ(３)－π２log２](１－２x)２, (８)

withequalityifandonlyifx＝１/２．
Theorem２　a)ThefunctionF(x)≡ [B(x)－R(x)]/xisstrictlydecreasingandconvexfrom (０,１/２]

onto[β,δ)．Inparticular,forx∈ (０,１/２],

B(x)－βx－ηx(１－２x)≤R(x)≤B(x)－βx (９)

withequalityineachinstanceifandonlyifx＝１/２．Furthermore,thederivativeF′isstrictlyincreasing
andconcavefrom (０,１/２]onto(－２ζ(３),－２β]．

b)ThefunctionG(x)≡ １
x

{B(x)－R(x)＋(１－α)[B(x)－(１/x)]}isstrictlydecreasingandconvex

from (０,１/２]onto [A１,A２),whereA１ ＝２β１－１
π

æ

è
ç

ö

ø
÷ ＝１．００６１􀆺 andA２ ＝δ(２－α)＝１．８３８１􀆺．In

particular,forx∈ (０,１/２],

(２－α)B(x)－１－α
x －A１x－(A２－A１)x(１－２x)≤R(x)≤ (２－α)B(x)－１－α

x －A１x (１０)

withequalityineachinstanceifandonlyifx＝１/２．

１　ProofofTheorem１

Inthissection,weproveTheorem１statedinSection０．
a)Sety＝x(１－x)．Itfollowsfrom (３)and(６)that

R(x)＝ １
y －２γ－ψ(x＋１)－ψ(２－x)＝ １

y －∑
∞

k＝１

k＋２y
k(k２＋k＋y)． (１１)

By(２)－(４),(６)－(７)and(１１),andbydifferentiation,weobtain
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B(x)f′(x)
１－２x ＝ １

１－２x
{ψ′(１－x)－ψ′(x)＋R(x)[ψ(１－x)－ψ(x)]}

＝ １
１－２x∑

∞

n＝０

１
(n＋１－x)２ － １

(n＋x)２[ ]＋

１
１－２x

１
y －∑

∞

n＝１

n＋２y
n(n２＋n＋y)[ ] １－２x

y ＋∑
∞

n＝１

１
n

１－x
n＋１－x－ x

n＋x
æ

è
ç

ö

ø
÷[ ]

＝－∑
∞

n＝０

２n＋１
(n２＋n＋y)２ ＋１

y２ １－∑
∞

n＝１

y(n＋２y)
n(n２＋n＋y)[ ] １＋∑

∞

n＝１

y
n２＋n＋y

æ

è
ç

ö

ø
÷

＝－∑
∞

n＝１

２n＋１
(n２＋n＋y)２ ＋

１
y２ ∑

∞

n＝１

y
n２＋n＋y－∑

∞

n＝１

y(n＋２y)
n(n２＋n＋y)－ ∑

∞

n＝１

y
n２＋n＋y

æ

è
ç

ö

ø
÷∑

∞

n＝１

y(n＋２y)
n(n２＋n＋y)[ ]

＝－∑
∞

n＝１

２n＋１
(n２＋n＋y)２ －２∑

∞

n＝１

１
n(n２＋n＋y)－ ∑

∞

n＝１

１
n２＋n＋y

æ

è
ç

ö

ø
÷∑

∞

n＝１

n＋２y
n(n２＋n＋y)＜０．

Thisyieldsthemonotonicityoff．
Clearly,f(１/２)＝ (log１６)/π．By(１１),f(０＋)＝lim

x→０
[xR(x)][sin(πx)]/(πx)＝１．

Next,differentiationgives
πf″(x)＝ [R″(x)－π２R(x)＋２πR′(x)cot(πx)]sin(πx)． (１２)

By(３)and(６),wehave
R(x)＝－２γ－ψ(１－x)－ψ(１＋x)＋(１/x), (１３)

R′(x)＝ψ′(１－x)－ψ′(１＋x)－(１/x２), (１４)

R″(x)＝－ψ″(１－x)－ψ″(１＋x)＋(２/x３)． (１５)

By(１２),

f″(x)＝x[R″(x)－π２R(x)＋２πR′(x)cot(πx)]􀅰sin(πx)
πx

(１６)

andhenceitfollowsfrom (１３)－(１５)that
f″(０＋)＝lim

x→０
x{－ψ″(１－x)－ψ″(１＋x)＋(２/x３)＋π２[２γ＋ψ(１－x)＋ψ(１＋x)－(１/x)]＋

２π[ψ′(１－x)－ψ′(１＋x)－(１/x２)]cot(πx)}

＝２lim
x→０

１－πxcot(πx)
x２ －π２ ＝２lim

x→０

sin(πx)－πxcos(πx)
πx３ －π２ ＝－π２

３ ＜０．

Ontheotherhand,itfollowsfrom (１２)thatf″(１/２)＝４[７ζ(３)－π２log２]/π＝２．００３２􀆺 ＞０．Hencef′
isnotmonotoneon(０,１/２],sothatfisneitherconvexnorconcaveon(０,１/２]．

b)Foreacht∈(０,１)andforx∈(０,１/２],letg１(x)＝tx－１＋t－x．Itiseasytoshowthatg１isstrictly

decreasingandconvexfrom (０,１/２]onto[２/t,(１＋t)/t),g(２n)
１ (g(２n－１)

１ )isstrictlydecreasing(increasing)

andconvex(concave,respectively)on(０,１/２]forn∈N．
By(５),R(x)andB(x)canberewrittenas

R(x)＝∫
１

０
{[g１(x)－２]/(１－t)}dt, (１７)

B(x)＝∫
１

０

tx－１

１＋tdt＋∫
∞

１

tx－１

１＋tdt＝∫
１

０

g１(x)
１＋tdt, (１８)

respectively,andhence

g(x)＝∫
１

０

[１－c＋(１＋c)t]g１(x)－２(１＋t)
１－t２ dt． (１９)

Ifc≤１,thenby(１９),gisstrictlydecreasingon(０,１/２]．Ifc＞１,then

g′(０＋)＝lim
x→０

πx
sin(πx)[ ]

２ccos(πx)－{[sin(πx)]/(πx)}２
x２ ＝＋∞,
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sothatgisnotdecreasingon(０,１/２],since

g′(x)＝ψ′(１－x)－ψ′(x＋１)－ １
x２ ＋cπ２ cos(πx)

sin２(πx) (２０)

by(３)．Thus,gisstrictlydecreasingon(０,１/２]ifandonlyifc≤１．
Ifc＜１,theng(１/２)＝log１６－cπ,and

g(０＋)＝lim
x→０

－[γ＋ψ(１－x)]－[γ＋ψ(１＋x)]＋１
x － cπ

sin(πx){ }

＝lim
x→０

sin(πx)－cπx
xsin(πx) ＝lim

x→０

πx
sin(πx)

[sin(πx)]/(πx)－c
x ＝＋∞．

Ifc＝１,theng(１/２)＝log１６－π＝－β/２,andg(０＋)＝０by(１９)．
Ifc≤１,thenby(１９),g′isstrictlyincreasingon(０,１/２]sothatgisconvexon(０,１/２]．Onthe

otherhand,by(２０),

g″(x)＝－ψ″(１－x)－ψ″(x＋１)＋ ２
x３ －cπ３１＋cos２(πx)

sin３(πx) (２１)

sothatforc＞１,

　　　　　　　　g″(０＋)＝－２ψ″(１)＋lim
x→０

２sin３(πx)－c(πx)３[１＋cos２(πx)]
[xsin(πx)]３

＝４ζ(３)＋lim
x→０

２{[sin(πx)]/(πx)}３－c[１＋cos２(πx)]
x３ ＝－∞,

andhencegisnotconvexon(０,１/２]ifc＞１．Consequently,gisconvex(０,１/２]ifandonlyifc≤１．
Theassertionforg(n)followsfromthefollowingexpression

g(n)(x)＝∫
１

０

[１－c＋ (１＋c)t]g(n)
１ (x)

１－t２ dt．

If１＜c＜２８ζ(３)/π３,thenby(２０)and(２１),

g′(０＋)＝＋∞,g′(１/２)＝０,g″(０＋)＝－∞,g″(１/２)＝２８ζ(３)－cπ３ ＞０．
Thisshowsthatthereexistx１andx２suchthatg′(x)＞０for０＜x＜x１andg′(x)＜０forx２ ＜x＜１/２．
Hencefor１＜c＜２８ζ(３)/π３,gisnotmonotoneon(０,１/２]．

c)Differentiationand(１９)give

h′(x)＝
(１－２x)g′(x)＋４g(x)

(１－２x)３ ＝h１(x)
h２(x) (２２)

whereh１(x)＝(１－２x)g′(x)＋４g(x)andh２(x)＝(１－２x)３．Clearly,h１′(x)＝２g′(x)＋(１－２x)g″(x),

h１″(x)＝ (１－２x)g‴(x),g(１/２)＝０forc＝α,andg′(１/２)＝０since

g′(x)＝∫
１

０

[１－c＋(１＋c)t]g１′(x)
１－t２ dt．

Henceh１(１/２)＝h２(１/２)＝h１′(１/２)＝h２′(１/２)＝０．Since
h１″(x)/h２″(x)＝g‴(x)/２４ (２３)

whichisstrictlyincreasinginxon(０,１/２]byTheorem１(b)．Therefore,h′isstrictlyincreasinginxon

(０,１/２]by(２２)－ (２３)andtheMonotonel􀆳Hôpital􀆳sRule[３,Theorem１．２５],sothathisconvex
(０,１/２]．Since

lim
x→１/２

h′(x)＝ １
２４∫

１

０

１－c＋(１＋c)t
１－t２ g１‴(x)dt＝０,

themonotonicityofhfollows．Clearly,h(０＋)＝g(０＋)＝＋∞．Byl􀆳Hôpital􀆳sRule,

　　　　　　　　h １
２

æ

è
ç

ö

ø
÷＝ １

４
lim
x→１/２

ψ′(１－x)－ψ′(x)
２x－１ ＋π(log１６)lim

x→１/２

cos(πx)
２x－１[ ]

＝ [－２ψ″(１/２)－π２log１６]/８＝ [７ζ(３)－π２log２]/２．
Theinequality(８)anditsequalitycaseareclear．
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２　ProofofTheorem２

a)Clearly,F(x)＝－g(x)
x withc＝１,andhencethemonotonicityofFfollowsfrom [３,Theorem１．

２５]andtheconvexityofg．NowletF１(x)＝g(x)－xg′(x)andF２(x)＝x２．ThenF１(０＋)＝F２(０)＝０,
F′(x)＝F１(x)/F２(x),andby(１９),

F１′(x)/F２′(x)＝－g″(x)/２＝－∫
１

０
[t(logt)２g１(x)/(１－t２)]dt (２４)

whichisstrictlyincreasingon (０,１/２]．ThisshowsthatF′isstrictlyincreasingon (０,１/２]by [３,
Theorem１．２５],andhencetheconvexityofFfollows．

Clearly,F(１/２)＝β．By(２０)andl􀆳Hôpital􀆳sRule,weobtain

　　　　　F(０＋)＝lim
x→０

sin２(πx)－(πx)２cos(πx)
[xsin(πx)]２ ＝ １

π２limx→０

sin２(πx)－(πx)２cos(πx)
x４

＝π２

４＋ １
２πlim

x→０

sin(πx)－πx
x３ cos(πx)＝π２

４＋１
６lim

x→０

cos(πx)－１
x２ ＝π２

６．

Thedoubleinequality(９)anditsequalitycaseareclear．
By(１９),

F(x)＝ ２
x∫

１

０

１
１－t２[１＋t－t(tx－１＋t－x)]dt (２５)

F′(x)＝ ２
x２∫

１

０

１
１－t２[(tx ＋t１－x)－x(tx －t１－x)logt－(１＋t)]dt (２６)

F″(x)＝２∫
１

０
[F３(x)/(１－t２)]dt (２７)

whereF３(x)＝F４(x)/F５(x),F４(x)＝２(１＋t)＋２x(tx－t１－x)logt－２(tx＋t１－x)－x２(tx＋t１－x)(logt)２and
F５(x)＝x３．Clearly,F４(０)＝F５(０)＝０．Differentiationgives

F４′(x)/F５′(x)＝ [(tx －t１－x)(logt)２log(１/t)]/３,
whichisstrictlydecreasinginx on (０,１/２]．By[３,Theorem １．２５],thisshowsthatF３ isstrictly
decreasinginxon(０,１/２],andhencetheconcavityofF′followsfrom (２７)．

Clearly,F′(１/２)＝ F１(１/２)/F２(１/２)＝－２β．Sincesin３(πx)＝ π３[x３ － (π２/２)x５ ＋O(x７)]and
cos２(πx)＝１－(πx)２＋O(x４)asx→０,itfollowsfrom (２４)and(２１)that

F′(０＋)＝－g″(０＋)/２＝ψ″(１)－ １
２π３limx→０

２sin３(πx)－(πx)３[１＋cos２(πx)]
x６

πx
sin(πx)[ ]

３

＝ψ″(１)＝－２ζ(３)．
b)Clearly,G(x)canberewrittenas

G(x)＝F(x)＋(１－α)xB(x)－１
x２ ． (２８)

Itiswellknownthatfor|t|＜π,

１
sint＝ １

t ＋２∑
∞

n＝１

(１－２１－２n)π－２nζ(２n)t２n－１． (２９)

(See[１,４．３．６８&２３．１．１８]．)Hence

xB(x)－１
x２ ＝２∑

∞

n＝１

(１－２１－２n)ζ(２n)x２(n－１)＝２∑
∞

n＝０

(１－２－２n－１)ζ(２n＋２)x２n (３０)

by(７),anditfollowsfrom (２８)and(３０)that

G′(x)＝F′(x)＋(１－α)x
２B′(x)－xB(x)＋２

x３ ＝F′(x)＋４(１－α)∑
∞

n＝１
n(１－２－２n－１)ζ(２n＋２)x２n－１．(３１)

Bypart(１),F′isstrictlyincreasingon(０,１/２]．Therefore,(３１)showsthatG′isstrictlyincreasingon
(０,１/２],andhencetheconvexityofGfollows．
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Bypart(１)andthefirstequalityin(３１),weobtainthevalueG′(１/２)＝－４β[１－(２/π)]＜０．Hence
G′(x)＜０forallx∈ (０,１/２]bythemonotonicityofG′．ThisyieldsthemonotonicityofG．

Clearly,G(１/２)＝A１．Bypart(１),(２８)and(３０),G(０＋)＝A２．Thedoubleinequality(１０)andits
equalitycaseareclear．

Remark　Itiseasytoverifythatthelower(upper)boundgivenin (９)isgreaterthanthelower
(upper,respectively)boundgivenin(１０)．Thelower(upper)boundgivenin(９)((１０),respectively)
improvesthoseofR(x)containedin[１１,Theorem２．３]．Theorem１(a)improves[１２,Theorem２(１)]
and[１３,Theorem２(４)]wheretherewasnoconclusionontheconvexityand/orconcavityforthefunction
f(x)＝R(x)/B(x)＝ [R(x)sin(πx)]/π,and(８)improves[１２,(７)]．
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Ramanujan常数与Beta函数的比较

裘松良,李晴晴,王晓宇
(浙江理工大学理学院,杭州３１００１８)

　　摘　要:给出了由Ramanujan常数R(a)＝－２γ－ψ(a)－ψ(１－a)和Beta函数B(a,１－a)＝π/sin(πa)定义的一些组合的单调

性与凹凸性,获得了R(a)－B(a,１－a)的一些渐近精确的上下界,从而深入揭示了函数R(a)与B(a,１－a)的大小关系,并改进了

R(a)的一些已知的相关结论.
关键词:Ramanujan常数;psi和beta函数;单调性;凹凸性;上下界
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