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０　MainResults

ForcomplexvariablezwithRez＞０,thegammaandpsifunctionsaredefinedas

Γ(z)＝∫
∞

０
tz－１e－tdt,ψ(z)＝Γ􀆳(z)

Γ(z), (１)

respectively．(Cf．[１Ｇ４]fortheirbasicproperties．)Throughoutthispaper,weletγ＝０．５７７２１５􀆺denote
theEulerconstantasusual．Itiswellknowthatthefunction

R(a)≡－２γ－ψ(a)－ψ(１－a),a∈ (０,１), (２)

whichissometimescalledtheRamanujanconstantalthoughitisinfactafunctionofa,isalwayswiththe
studyofzeroＧbalancedGaussianhypergeometricfunctionF(a,１Ｇa;１;z)．(Cf．[１Ｇ３ & ５Ｇ１３]．)Bythe
symmetry,wecanassumethata∈(０,１/２]in(２)．

ItiswellknownthatthefunctionR(a)isessentialnotonlyinthestudyofthezeroＧbalancedGaussian
hypergeometricfunctionsF(a,１Ｇa;１;z)andthetheoryofRamanujan􀆳smodularequations,butalsoinsome
otherfieldsofmathematics,anditspropertiesareindispensableforustoshowpropertiesofF(a,１Ｇa;１;z)

andthefunctionsappearinginRamanujan􀆳smodularequations．(See[１Ｇ３ &５Ｇ１３]．)Someauthorshave
obtainedvariousanalyticpropertiesandfunctionalinequalitiesforthisfunction．(Cf．[３ &１１Ｇ１６]．)In
[１６],forexample,itwasprovedthatR(x)hasthefollowingseriesexpansion

R(x)＝ (１/x)＋２∑
∞

n＝１
ζ(２n＋１)x２n． (３)

Hereandinthesequel,ζ(s)＝∑∞
k＝１k－sdenotestheRiemannzetafunctionasusual．However,theproofof



(３)givenin[１６]istoocomplicated．
Weshallalsoneedthefollowingspecialsum

λ(n＋１)＝ ∑
∞

k＝０

(２k＋１)－n－１forn ∈N． (４)

By[１,２３．２．２０],λ(n)andζ(n)satisfythefollowingrelation
λ(n)＝ (１－２－n)ζ(n)forn∈Nwithn≥２． (５)

MotivatedbytheimportanceandwideapplicationsoftheRamanujanconstant,theauthorsintendto
continuetostudythepropertiesof(x)inthispaper．Correspondingtodifferentapplicationneeds,we
shallpresentseveralkindsofseriesexpansionsforthefunctionR(x),includingaverysimpleproofof
(３),andshowthemonotonicityandconvexitypropertiesofcertaincombinationsdefinedintermsofR(x)

andpolynomials．Bytheseresults,severalnewasymptoticallysharplowerandupperboundsofR(x)are
obtained,andsomerelatedknownresultsforR(x)canbeeasilyimproved．Inaddition,severalidentities
satisfiedbytheRiemannzetafunctionarederived．Wenowstateourmainresults．

Theorem１　Forx∈(０,１/２]andn∈N,lety＝x(１－x),b０＝log２－１,c０＝－１,d０＝log４,andsetan＝
[１＋(－１)n]ζ(n＋１),

bn ＝１＋(－１)n
２ ∑

∞

k＝１

１
(２k＋１)n＋１ ＝ １

２
[１＋(－１)n][λ(n＋１)－１],

cn ＝ (－１)n∑
∞

k＝１

２k＋１
(k２＋k)n＋１,dn ＝ [１＋(－１)n]λ(n＋１)．

ThenwehavethefollowingseriesexpansionsforR(x):

a)Forx∈(０,１),

R(x)＝ １
x ＋∑

∞

n＝１
anxn ＝ １

x(１－x)＋∑
∞

n＝１
an(１－x)n． (６)

b)Forx∈(０,１/２],

R(x)＝ １
y ＋４∑

∞

n＝０
bn(１－２x)n ＝ １

y ＋４∑
∞

n＝０
b２n(１－４y)n． (７)

c)Forx∈(０,１/２],

R(x)＝ １
y ＋∑

∞

n＝０
cnyn． (８)

d)Forx∈(０,１/２],

R(x)＝２∑
∞

n＝０
dn(１－２x)n ＝２∑

∞

n＝０
d２n(１－４y)n ＝log１６＋４∑

∞

n＝１
λ(２n＋１)(１－４y)n． (９)

OurnexttheorempresentssomeanalyticpropertiesofR(x),includingitsasymptoticallysharplowerand
upperbounds．

Theorem２　Letyandb０beasinTheorem１,andseta＝２ζ(５)＝２．０７３８５􀆺,b＝８[８log２－ζ(３)－４]＝

２．７４４９６􀆺,c＝２ζ(３)＝２．４０４１１􀆺,α＝３－log１６＝０．２２７４１􀆺,β＝ ７ζ(３)
２[ ]－４＝０．２０７１９􀆺．

Thenwehavethefollowingconclusions:

a)Thefunctionf(x)≡x－４[R(x)－(１/x)－cx２]isstrictlyincreasingandconvexfrom(０,１/２]onto
(a,b]．Inparticular,forx∈(０,１/２],

(１/x)＋cx２＋ax４＜R(x)≤(１/x)＋cx２＋ax４＋２(b－a)x５, (１０)

withequalityifandonlyifx＝１/２．
b)Thefunctiong(x)≡(１－２x)－２[R(x)－(１/y)－４b０]isstrictlydecreasingandconvexfrom (０,１/２)

onto(β,α)．Inparticular,forx∈(０,１/２],
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０≤R(x)－ １
x(１－x)＋４(１－log２)－β(１－２x)２≤(α－β)(１－２x)３, (１１)

withequalityineachinstanceifandonlyifx＝１/２．
c)Thefunctionh(y)≡[(１/y)－１－R(x)]/yisstrictlydecreasingandconvexfrom(０,１/４]onto

[４α,１)．Inparticular,forx∈(０,１/２],

－(１－４α)x(１－x)[１－４x(１－x)]≤R(x)－ １
x(１－x)＋１＋４αx(１－x)≤０, (１２)

withequalityineachinstanceifandonlyifx＝１/２．

１　ProofofTheorem１

a)Letf１(x)＝－γ－ψ(１－x)．Clearly,f１(０)＝０．By[１,６．３．５],R(x)－(１/x)＝f１(x)－[ψ(x＋１)＋γ]．
Itiswellknownthatforn∈N,

ψ
(n)(x)＝ (－１)n＋１n!∑

∞

k＝０

１
(x＋k)n＋１． (１３)

(See[１,６．４．１０]．)Bydifferentiationand(１３),weobtain
f(n)

１ (x)＝(－１)n＋１ψ
(n)(１－x),f(n)

１ (０)＝(－１)n＋１ψ
(n)(１)＝n!ζ(n＋１),

sothat

f１(x)＝f１(０)＋∑
∞

n＝１

f(n)
１ (０)
n! xn ＝ ∑

∞

n＝１
ζ(n＋１)xn． (１４)

Ontheotherhand,by[１,６．３．５,６．３．１４&６．３．１６],

γ＋ψ(x)＋１
x ＝γ＋ψ(１＋x)＝ ∑

∞

n＝１

(－１)n＋１ζ(n＋１)xn ＝ ∑
∞

n＝１

x
n(n＋x)． (１５)

Hencethefirstequalityin(６)followsfrom (１４)and(１５)．
Thesecondequalityin(６)holdssinceR(１－x)＝R(x)．
b)Letf２(x)＝R(x)－(１/y)＝R(x)－{(１/x)＋[１/(１－x)]}．By(２)and(１５),wecanwritef２(x)

as
f２(x)＝－[２γ＋ψ(x＋１)＋ψ(２－x)]． (１６)

withf２(１/２)＝－２[γ＋ψ(３/２)]＝４(log２－１)＝４b０．Differentiationgives
f(n)

２ (x)＝ (－１)n＋１ψ
(n)(２－x)－ψ

(n)(x＋１)

forn∈N,sothatby(１３),

f(２n－１)
２ (１/２)＝０＝b２n－１,f(２n)

２ (１/２)＝－２ψ
(２n)(３/２)＝４n＋１(２n)!b２n． (１７)

Hencef２(x)hasthefollowingpowerseriesexpansionatx＝１/２:

f２(x)＝４b０＋∑
∞

n＝１

f(n)
２ (１/２)
n! x－１

２
æ

è
ç

ö

ø
÷

n

＝４∑
∞

n＝０
b２n(１－２x)２n ＝４∑

∞

n＝０
bn(１－２x)n． (１８)

whichyieldsthefirstequalityin(７)．Thesecondequalityin(７)holdssince(１－２x)２ ＝１－４y．
c)Letf３(x)＝ [(１/y)－R(x)－１]/y,andlet

f４(y)＝ ∑
∞

k＝１

２k＋１
k(k＋１)(k２＋k＋y)．

Clearly,f４(０)＝－c１．By(２)andthefirstequalityin(１５),

f３(x)＝
[γ＋ψ(x＋１)]＋[γ＋ψ((１－x)＋１)]－１

y
． (１９)

Bythethirdequalityin(１５),f３(x)canberewrittenas

f３(x)＝ １
y∑

∞

k＝１

１
k

x
k＋x＋ １－x

k＋１－x－ １
k＋１

æ

è
ç

ö

ø
÷＝f４(y)． (２０)

since∑
∞

k＝１
[k(k＋１)]－１ ＝１．Differentiationgives
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f(n)
４ (y)＝ (－１)nn!∑

∞

k＝１

２k＋１
k(k＋１)(k２＋k＋y)n＋１． (２１)

withf(n)
４ (０)
n! ＝－cn＋１．Hencef４(y)hasthefollowingpowerseriesexpansion

f４(y)＝f４(０)＋∑
∞

n＝１

f(n)
４ (０)
n! yn ＝－∑

∞

n＝０
cn＋１yn ＝－∑

∞

n＝１
cnyn－１． (２２)

This,togetherwith(２０),yields(８)．
d)Letf５(x)＝１/[x(１－x)]．Then

f５(x)＝ ４
１－(１－２x)２ ＝４∑

∞

n＝０

(１－２x)２n． (２３)

andhencebythefirstequalityin(７),

　　　　　R(x)＝f５(x)＋４∑
∞

n＝０
b２n(１－２x)２n ＝４∑

∞

n＝０

(b２n ＋１)(１－２x)２n

＝log１６＋４∑
∞

n＝１
λ(２n＋１)(１－２x)２n ＝２∑

∞

n＝０
dn(１－２x)n

＝log１６＋４∑
∞

n＝１
λ(２n＋１)(１－４y)n ＝２∑

∞

n＝０
d２n(１－４y)n．

Thisyields(９)．

２　ProofofTheorem２

a)Forn∈N,letanbeasinTheorem１．Thenf(x)＝x－４[R(x)－(１/x)－a１x－a２x２－a３x３],and
itfollowsfrom (６)that

f(x)＝ ∑
∞

n＝４
anxn－４ ＝ ∑

∞

n＝０
an＋４xn ＝２∑

∞

n＝０
ζ(２n＋５)x２n． (２４)

andhencethemonotonicityandconvexitypropertiesofffollow．
Clearly,f(１/２)＝b．By(２４),f(０＋)＝a．Thedoubleinequality(１０)anditsequalitycaseareclear．
b)Itfollowsfrom (７)that

g(x)＝４∑
∞

n＝１
b２n(１－２x)２(n－１)＝４∑

∞

n＝０
b２n＋２(１－２x)２n (２５)

whichyieldsthemonotonicityandconvexitypropertiesofgsinceallthecoefficientsb２n＋２ ＞０．
Clearly,g(０＋)＝－１－４b０ ＝α．By(２５),g((１/２)－)＝４b２ ＝β．Thedoubleinequality(１１)andits

equalitycasefollowfromthemonotonicityandconvexitypropertiesofg．
c)Itfollowsfrom (１５)that

　　　　　h(y)＝ １
y

１
x ＋ １

１－x－１＋２γ＋ψ(x)＋ψ(１－x)[ ]

＝
[γ＋ψ(１＋x)]＋[γ＋ψ(２－x)]－１

y

＝ １
y ∑

∞

n＝１

１
n

x
n＋x＋ １－x

n＋１－x
æ

è
ç

ö

ø
÷－∑

∞

n＝１

１
n(n＋１)[ ]

＝ １
y∑

∞

n＝１

１
n

n＋２y
n２＋n＋y－ １

n＋１
æ

è
ç

ö

ø
÷＝ ∑

∞

n＝１

２n＋１
n(n＋１)(n２＋n＋y),

fromwhichthemonotonicityandconvexitypropertiesofhfollow．
Clearly,h(１/４)＝４(３－log１６)＝４αand

h(０＋)＝ ∑
∞

n＝１

２n＋１
(n２＋n)２ ＝ ∑

∞

n＝１

(n＋１)２－n２

(n２＋n)２ ＝ ∑
∞

n＝１

１
n２ －∑

∞

n＝１

１
(n＋１)２ ＝１．

Thedoubleinequality(１２)anditsequalitycaseareclear．
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Corollary　TheRiemannzetafunctionsatisfiesthefollowingidentities

∑
∞

n＝２

(－１)nζ(n)＝１, (２６)

∑
∞

n＝１
４－nζ(２n＋１)＝log４－１, (２７)

∑
∞

n＝１

[(１－２－２n－１)ζ(２n＋１)－１]＝ (３－log１６)/４, (２８)

∑
∞

n＝１

[ζ(２n＋１)－１]＝１/４． (２９)

Proof　Itfollowsfrom (１５)that

R(x)－１
y ＝－[γ＋ψ(x＋１)]－[γ＋ψ(１－x＋１)]＝ ∑

∞

n＝１

(－１)nζ(n＋１)[xn ＋(１－x)n]． (３０)

Lettingx→０in(３０),weobtain(２６)by(８)．
Takingx＝１/２inthefirstequalityin (６),weobtaintheidentity (２７)．Itfollowsfromthefirst

equalityin(７)that

R(x)－(１/x)＝ [１/(１－x)]－４(１－log２)＋４∑
∞

n＝１
b２n(１－２x)２n． (３１)

Bythefirstequalityin(６),lim
x→０

[R(x)－(１/x)]＝０．Hencebylettingx→０in(３１),weobtain

∑
∞

n＝１
b２n ＝ ∑

∞

n＝１

[(１－２－２n－１)ζ(２n＋１)－１]＝ (３－log１６)/４,

sothat(２８)holds．(２９)followsfrom (２７)and(２８)．
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Ramanujan常数的级数展开与上下界

裘松良,王晓宇,李晴晴
(浙江理工大学理学院,杭州３１００１８)

　　摘　要:根据不同的应用需求,给出了 Ramanujan常数R(a)＝－２γ－ψ(a)－ψ(１－a)的几类级数展开式、R(a)与多项式

的一些组合的单调性和凹凸性,并利用这些结果获得了R(a)的渐近精确的上下界.运用这些级数展开式,关于R(a)的一些

已知结果很容易得到改进.此外还给出了 Riemannzeta函数满足的几个恒等式.
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